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Abstract

One of the mostimportantaspectof any machinelearningparadigmis how it scalesaccording
to problemsize and compleity. Using a taskwith known optimal training error, and a pre-specified
maximumnumberof trainingupdatesye investigatehe corvergenceof the backpropagatioalgorithm
with respecto a) the compleity of the requiredfunction approximationp) the size of the network in
relationto the sizerequiredfor an optimal solution,andc) the degreeof noisein the training data. In
generalfor a) the solutionfoundis worsewhenthe functionto be approximateds more comple, for
b) oversizednetworks canresultin lower training and generalizatiorerror in certaincasesandfor c)
theuseof committeeor ensembldéechniqguesanbe morebeneficialasthelevel of noisein thetraining
datais increasedFor the experimentsve performedywe do not obtainthe optimalsolutionin ary case.
We further supportthe obsenation that larger networks canproducebettertraining andgeneralization
errorusingafacerecognitionexamplewherea network with mary moreparameterghantrainingpoints
generalizebetterthansmallernetworks.
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1 Intr oduction

Statementsegardingthe trainingandgeneralizatiorerror of MLPs similar to the following occuroftenin
theneuralnetwork literatureandcommunity:

1. “BP is actually a gradientmethod,and therefore, there is no guaranteeat all that the absoluteminimumcan be
readed.In spiteof this theoetical remark,reseachers involvedwith BP applicationsknowthat thisis nota very
seriousproblem. BP oftenleadsto a global minimum,or at leastmalesit possibleto meetpractical stopping
criteria”

2. “We havefoundlocal minimato beveryrare andthatthe systemearnsin a reasonableeriodof time”
3. “Backpropagationworkswell by avoidingnon-optimalsolutions.

4. “We shouldnot usea networkwith more parametes thanthe numberof datapointsavailable’

Statement& to 3 saythatwhile local minimaareexpectedthey nevertheles®itherdo not affectthequality
of the solutiongreatly or they occurso infrequentlythat the effect canbe ignoredin practice(Breiman
(1994) malesthe following commentaboutlocal minima: “Almost noneof the neural net peopleseento
worry aboutlandingin local minima”). Statemen# expressesheintuition thatthe degreesof freedomin

themodelshouldbelessthanthetotal numberof datapointsavailablefor training.

In this paperwe shav thata solutionnearthe optimalsolutionis oftennot obtained.Therelative quality of
the solutionobtainedwill beinvestigatedasa functionof thefollowing variables:a) the compleity of the
requiredfunction approximationp) the size of the network in relationto the sizerequiredfor an optimal
solution,andc) the dggreeof noisepresentin the data. The resultsindicatethat a) the solutionfound is
worsewhenthe functionto be approximateds more comple, b) oversizednetworks canresultin lower
trainingandgeneralizatiorerrorin certaincasesandc) theuseof committeeor ensembléechniquesanbe
morebeneficialasthe amountof noisein thetrainingdatais increasedFurthersupportfor the obseration
thatlargernetworkscan,in certaincasesproducebettertrainingandgeneralizatiorerroris providedwith a
facerecognitionexamplewherea network with 364timesmoreparameterthantrainingpointsgeneralizes
betterthansmallernetworks. Techniquedo control generalizationarenot usedin orderto illustratethis
case.

2 Local Minima

It hasbeenshavn that the error surface of a backpropagatiometwork with one hiddenlayerand¢ — 1
hiddenunitshasnolocalminima,if thenetwork is trainedwith anarbitrarysetcontainingt differentinputs
(Yu,1992).

In practice however, otherfeaturef the errorsurfacesuchas“ravines” and“plateaus”(Baldi andHornik,
1988)canpresendifficulty for optimisation.For example thetwo errorfunctionsshavn in figure 1 (from
(Gori, 1996))do not have local minima. However, the functionon the left is expectedto be moredifficult
to optimisewith gradientdescentFor the purpose®f this papey the criterionof interestconsidereds “the
bestsolutionfoundin a givenpracticaltime limit.”

For larget, it maybeimpracticalto usea network large enoughin orderto ensurethatthereareno local minima.
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Figurel. Examplesof two possibleerror functionsof one dimension(from (Gori, 1996)). The abscissa
correspondso thevalueof thesingleparameteandtheordinatecorrespondso theerrorfunction. Although
neitherof thesefunctionscontaindocal minima, the functionon theleft is expectedto be lesssuitablefor
gradientdescenbptimisationdueto the“flat” regions.

3 Prior Work

The error surface of very small networks hasbeencharacterizegreviously, e.g. for an XOR network
(Hamey, 1995). However, practicalnetworks often containhundredsr thousandf weightg and,in gen-
eral, theoreticaland empirical resultson small networks do not scaleup to large networks. Onereason
may be attributedto the interferencesffect in the training process.Considerthe backpropagatiotraining
algorithm,if the hiddenlayer neuronsarenot all in saturationthe gradientsevaluatedat the hiddenlayer
neuronsarecoupled(the updateof eachparametegenerallyaffectsmary otherparameters)-or a network
with morehiddenlayerneuronsthis interferenceeffectis expectedo be morepronounced.

Caruangresentea@tutorialatNIPS93 (Caruanal993)with generalizatiomesultson avarietyof problems
asthesizeof thenetworkswasvariedfrom “too small”to “too large”. “Toosmall” and“too large” arerelated
to the numberof parameterén the model (without consideratiorof the distribution of the data,the error
surface,etc.). Caruanaeportedthatlarge networks rarely do worsethansmall networks on the problems
he investigated.Theresultsin this paperpartially correlatewith that obseration. Caruanasuggestedhat
“backpropignoresexcessparameters”.

Crane Fefferman,Markel andPearsor{1995)usedreal-\alueddatageneratedyy a randomtarget network,

andattemptedrainingnew networksonthedatain orderto approximatehe numberof minimaontheerror
surfaceundervarying conditions.The useof randomtarget networksin this fashionhasbeenreferredto as
thestudenteacheproblem(SaadandSolla,1995). Motivatedby thiswork, avery similartechniques used
in this paperin orderto evaluatethe quality of the local minimawhich arefoundusingbackpropagatioas
afunctionof variousparameters.

SaadandSolla(1996)usedhestudenteacheproblemto analyzetheeffectof noiseonon-linelearning.For

2Networkswith upto 1.5million weightshave beenusedfor speectphonemeecognition(BourlardandMorgan,1994).
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thecaseof trainingexamplescorruptedwith additive outputnoise(they alsoanalyzemodelnoise),Saadand
Sollahave shavn that small noiselevels may shortenthe symmetricphaseof learningwhile larger values
may lengthenthe phase.Generalizatiorerrorincreasessthe noiselevel is increased For the asymptotic
case training with a fixed learningrateresultsin a non-vanishingasymptoticgeneralizatiorerror They
shaw thatlearningratedecayschemeganremove the effectsof additive outputnoiseasymptotically

M{ller, Finke, Schulten,Murataand Amari (1996) also usedrandomlygeneratedteacher” networks in
orderto createtraining examplesfor “student” networks. They performa detailedstudyof generalization
as a function of the numberof training samplesfor classificationtasks. For networks with up to 256
weights,they demonstratestrongoverfitting for a small numberof training examples,a region wherethe
generalizatioerrorscalesaccordingo 1/N2 whereNy, isthenumberof trainingexamplesandasymptotic
scalingaccordingo N,, /2Ny, whereN,, is thenumberof weightsin the network.

Thereare several theoriesfor determiningthe optimal network size e.g. the NIC (Network Information
Criterion) (Amari, 1995) which is a generalizatiorof the AIC (Akaike Information Criterion) (Akaike,
1973; Akaike, 1974)widely usedin statisticalinference the generalizedinal predictionerror* (GPE)as
proposedoy Moody (1992), and the Vapnik-Cherenenkis(VC) dimension(Maass,1995; Abu-Mostah,
1989; Bartlett, 1993)— which is a measuref the expressie power of a network®. NIC relieson a single
well-definedminimum to the fitting function and canbe unreliablewhenthereare several local minima
(Ripley, 1995). Thereis very little publishedcomputationalexperienceof the NIC, or the GPE. Their
evaluationis prohibitively expensve for large networks.

VC boundshave beencalculatedor variousnetwork types(CohnandTesauro1992).Early VC-dimension
work handlesonly the caseof discreteoutputs.For the caseof realvaluedoutputs,amoregenerahotionof

a“dimension”is required.Sucha “pseudo-dimensiontanbe definedby consideringalossfunctionwhich

measureshe deviation of predictionsfrom thetamgetvalues(Maass,1995).VC boundsarelikely to betoo

conserative becauséhey provide generalizatiomguaranteesimultaneouslyor ary probabilitydistribution

andary trainingalgorithm. The computationof VC boundsfor practicalnetworksis difficult. Apartfrom

smallexampleswe areunavareof ary systematigroceduredor the evaluationof VC boundsfor typical

practicalnetworks.

Otherwork addressindocal minima or the numberof samplesrequiredwith respectto generalization
include (Baum and Haussler 1989; Sartori and Antsaklis, 1991; Mclnerry, Haines,Biafore and Hecht-
Nielsen,1989;Yu, 1992;Gori andTesi, 1992). Theseapproachearelimited dueto the assumptionshey
male, e.g. typical limitationsincludeapplicability only to linearly separablgroblems consideratioronly
of true local minimaasopposedo regionswheregradientdescenbecomesstuck” (suchas“plateaus”),
andno consideratiorof limits ontrainingtime.

3with respecto the resultsreportechere overfitting behaiour for classificatiortasksis expectedto bedifferentdueto theuse
of training patternswith asymptoticargets.

“Thefinal predictionerror (FPE)is analternatve methodfor determininghe orderof adynamicalprocessoriginally proposed
by Akaike (1970),andgeneralizedo the neuralnetwork settingby Moody (1992).

SVery briefly, this is the largestsetof examplesthat canbe shatteredy the network, wherea setof « examplesis “shattered”
by the network if for eachof the 2® possiblewaysof dividing the z samplesnto disjoint setsS: and.S», thereexists a function
computableby the network suchthat the outputis 1 for membersof S; andthe outputis 0 for membersof S» (for a binary
classificatiorproblem).



4 Artificial Task

To investigateempirical performancewne have chosenan artificial task so that we a) know the optimal
solution,andb) cancarefully control variousparametersThe taskis asfollows andis very similar to the
procedurausedin (Craneetal., 1995):

1. An MLP with m; input nodes;mn;, hiddennodesandm, outputnodes(denotedoy m; : my, : m, and
laterreferredto asthe “datageneratingnetwork”) is initialized with randomweights,uniformly selected
within a specifiedrange,i.e., w; in therange—K to K, wherew; aretheweightsof the network except
the biasesand K is a constant. K is 1.0 for the resultsreportedin this paperexceptwhenotherwise
specified. The bias weightsare initialized to small randomvaluesin the range(—0.1,0.1). As K is
increasedthe “complexity” of the function mappingis increasedswill be discussedn moredetailin
section6.2.

2. N, datapointsarecreatedy selectingandominputswith zeromeanandunit varianceandpropagating
themthroughthe network to find the correspondingutputs. This datasetS formsthe training datafor
subsequengimulations.The procedurds repeatedo createa testdatasetvith V;, points. Ny is 5000
for all simulationsreportedin this paper The choiceof zeromeanandunit varianceinputsis not too
unrealisticbecauseheinputsto an MLP areoftennormalisedo have zeromeanandunit variance(the
distribution maynot be normalhowever) (Le Cun,1993).

3. ThetrainingdatasetsS is usedto trainnev MLPs, knovn subsequentlgsthe“trainednetworks” with the
following architecturem; : m}, : m,. For certaintests,m}, is variedfrom m,, to M, whereM >> m,.
The initial weightsof thesenew networks aresetusingthe proceduresuggestedn Haykin (1994)(i.e.
they arenotequalto theweightsin thenetwork usedto createthedataset) They areinitialized onanode
by nodebasisasuniformly distributedrandomnumbersn therange(—2.4/F;, 2.4/ F;) whereF; is the
fan-inof neuroni. Theoreticallyif m} > m;, thenthe optimaltraining seterroris zero(for the case
whereno noiseis addedo thedata).

Figure2 shavs the procesgraphically

5 Methodologyfor Exploring Convergence

Theartificial taskwill beusedto explorethe corvergenceof the networkswhile varying certainparameters
in a controlledmanner Both the training and the generalizatiorperformancewill be investigated. The
baselinenetwork topologyis 20:10:1 where20, 10, and1 werechoserto represenatypical network where
the numberof inputsis greaterthanthe numberof hiddennodesandthe specificvalueswerechosersuch
thatthetotaltrainingtime of the simulationsvasreasonableT hefollowing methodologyis used:

1. Thefollowing parameter®f the simulationsarevaried oneat atime: a) the maximumvalue usedfor
settingthe weightsin the generatingnetwork (1 < K < 10), b) the size of the trained networks
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Figure2. Theproces®f creatingthedatasets.

(10 < mj, < 50, c) the size of the training dataset(200 < N; < 20,000, andd) the amountof
zeromeanGaussiamoiseaddedto the training data(from zeroto a standarddeviation of 2% of the
standardleviation of theinput data).

2. Eachconfigurationof the MLP is testedwith ten simulations,eachwith a differentstartingcondition
(randomweights).

3. Stoppingcriterion. No stoppingcriterion,andno methodof controlling generalizatior? is used(other
thana maximumnumberof updates)n orderto demonstratehis case.All networks aretrainedfor an
identicalnumberof stochastiaipdateg5 x 10°). It is expectedthatoverfitting couldoccur

We usedthe standardVILP: y = f (vaz’al wfm-yé_1> wherey!, is the outputof neuronk in layerl, N; is

thenumberof neuronsn layerl, wfm. is theweightconnectingheuronk in layer! to neuror: in layerl — 1,
yh = 1 (bias),and f is the hyperbolictangentfunction. The numberof weightsin eachnetwork is thus
(mi + Lymp, + (mp, + L)m,.

Standardackpropagatiomasusedwith stochastiaipdate(updateafter eachtraining point). Batchupdate
wasalsoinvestigated- convergencewasfoundto bevery poorevenwhentrainingtimeswereextendedoy an
orderof magnitude The quadraticcostfunctionwasused:E = 3 2N 2 = LSV S™o (g, — i),

wheredy,; is the desiredvalueof the & th outputneuronfor thes th training samplefrom the training data
setS, andyy; is thevalueof k th outputneuronof the MLP, in responseéo the th trainingsample.The
learningratewas0.05.

5Therearemary waysof controllinggeneralizatiore.g. a) earlystopping b) weightdecayor weightelimination,andc) pruning
—e.g.0BD (optimalbraindamage)Le Cun,Denler andSolla,1990)andOBS (optimalbrainsuigeon)(HassibiandStork,1993).



6 Simulation Results

Resultsfor varyingthe network size,thetraining setsize,thefunctioncomplity, andtheamountof noise
addedo thetrainingdataarepresentedh the following sections.

6.1 Network Size

This sectioninvestigateghe training andgeneralizatiorbehaior of the networks with the generatinghet-
work sizefixedbut thetrainednetwork sizeincreasingFor all casesthe datawascreatedvith agenerating
network architecture20 : 10 : 1, andtherandomweightmaximumvalue, K, was1. Thetrainednetworks
hadthefollowing architecture20 : m}, : 1, wherem), wasvariedfrom 10to 50. Theoreticallythe optimal
training seterrorfor all networkstesteds zero,aSm;l > my,. However, noneof the networkstrainedhere
obtainedthe optimalerror (usingbackpropagatiofor 5 x 10° updates).

Consideringhatnetworkswith morethan10hiddenunitscontainmoredegreesof freedomthanis necessary
for zeroerror, areasonablexpectationwould befor the performancéo beworse,onaverageasthenumber
of hiddenunitsis increasedFigure3 shavs thetraining andtestseterrorasthe numberof hiddenunitsin
thetrainednetwork is variedfrom 10to 50. Thenumberof trainingpoints, V., is 2000.0On averageabetter
solutionis foundin the larger networks whencomparedvith the 10 hiddenunits networks. The bestmean
training andgeneralisatiorerror occursfor networks with 40 hiddenunits. This trendvariesaccordingto
thegeneratingietwork size (humberof inputs,hiddennodesandoutputs) the natureof thetargetfunction,
etc. For example,the optimalsizenetworks performbestfor certaintasks,andin othercasesheadwantage
of larger networkscanbeevengreater

Figure4 shaws the resultsfor the caseof 20,000andthe caseof 200 training points. Similar resultsare
obtainedfor 20,000training points,i.e. on average a bettersolutionis foundin thelarger networkswhen
comparedwith the 10 hiddenunits networks. The bestmeantrainingandgeneralisatiorerror alsooccurs
for networkswith 40 hiddenunitsin this case.

For 200datapoints,the bestmeantraining erroroccursat 50 hiddenunitsandthe bestmeangeneralisation
erroroccursat 30 hiddenunits. However, in this casethe generalisatiorrroris quite poorfor all networks
(thenumberof datapointsis probablytoo smallto accuratelycharacteris¢hetargetfunction, cf. thecurse
of dimensionality).The numberof parameterin the networksis greaterthan200, evenfor the caseof 10
hiddenunits,asshavn in table 1. This leadsto the question:would networks smallerthanthe generating
network generalisébetter?In this casethe answerwasno — networks with 5 to 9 hiddenunits resultedin
worseperformance.

" Alternative optimizationtechniquege.g. conjugategradient)canimprove corvergencein mary cases.However, thesetech-
niguesoftenlosetheir advantagewith largerproblems.
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Figure3. Theerrorfor networks with a topology 20:m},:1 using2,000training points. The graphon thetop is the
trainingerror. The graphon the bottomis the testerror. The abscissaorrespondso the numberof hiddennodes.
Eachresultis averagedover ten simulations. Box-whiskersplots are shavn on the left in eachcasealongwith the
meanplusor minusonestandardleviation whichis shavn ontheright in eachcase.

| Numberof hiddennodes| 10 | 20 | 30 | 40 | 50 |
| Numberof parameters| 221 ] 441 | 661 | 881 1101 |

Tablel. Thenumberof parameter the networksasthe numberof hiddennodesis variedfrom 10to 50.

It is of interestto obsere the effect of noiseon this problem.Figure5 shavs theresultsfor the caseof 200
training pointswhenGaussiamoiseis addedo theinput datawith a standardieviation equalto 1% of the
standarddeviation of theinput data. A similar trendto figure 4 is obsered. The bestgeneralizatiorerror,
onaveragejs obtainedor networks containing40 hiddennodesn this case.

The resultsin this sectionshouldnot be taken to indicatethat oversizednetworks shouldalwaysbe used.
However, the resultsdo indicatethat oversizednetworks may generalizewnell, andthatif trainingis more
successfuin the larger networksthenit is possiblefor the largerto alsogeneralizebetterthanthe smaller
networks. A few obsenrations:

1. It remaingdesirablego find solutionswith the smallesnhumberof parameters.
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Figure4. Theerrorfor thetrainednetworks asshawvn in figure 3 whenusing20,000training pointsandwhenusing
200training points. Fromtop to bottom: 20,000training points— training error, 20,000training points— testerror,
200training points—trainingerror, 200training points— testerror.
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Figure5. Theerrorfor thetrainednetworks asshawn in figure 4 for 200trainingpointsandwith noiseaddedo the
input data. The noisewas Gaussiarwith a standarddeviation equalto 1% of the standarddeviation of the original
data.Top to bottom:trainingandtesterrors.

2. A similar resultwould not be expectedif a globally optimal solutionwasfoundin the small networks,
i.e. if the10 hiddenunit networksweretrainedto zeroerrorthenit would be expectedthatary networks
with extradegreesof freedomwould resultin worseperformance.

3. Thedistribution of the resultsis important. For example,obsere in figure 4 thatthe advantageof the
larger networksfor 20,000training pointsis decreasewhenconsideringhe minimumerrorratherthan
themeanerror

4. Thenumberof trials is important.If sufiiciently mary trials areperformecdthenit shouldbe possibleto
find a nearoptimal solutionin the optimal size networks (in the limit of aninfinite numberof random
startingpoints,finding aglobaloptimumis guaranteed)Any adwantagerom usinglarger sizenetworks
would be expectedo disappear

5. Note that therehasdeliberatelybeenno control of the generalizatiorcapability of the networks (e.g.
using a validation set or weight decay),otherthan a maximumnumberof updates. Thereare mary
solutionswhich fit the training datawell thatwill not generalizewell. Yet, contraryto what might be
expected the resultsindicatethatit is possiblefor oversizednetworks to provide bettergeneralization.
Successie pruningandretrainingof alarger network (HassibiandStork,1993)may arrive ata network
with similar sizeto the smallernetworks herebut with improvedtrainingandgeneralizatiorerror

6. In termsof computationon serialmachinesjt may be desirableto investigateperformancevhenthe
numberof individual weight updateqthe numberof iterationstimesthe numberof weights)is equal
ratherthanthe numberof trainingiterations(i.e. moretrainingiterationscould be donein the sametime
for the smallernetworks). Whattheseresultsshaw is thatthe local optimumfoundfor larger networks
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may be betterwhendoing the samenumberof updategperweightandalsothatthis may correspondo
bettergeneralizationi.e. this sayssomethingaboutthe natureof the error surfaceasthe network sizeis
increasedthe extradegreesof freedommay helpavoid poorlocal minima). The experimentsn the next
sectionwith a facerecognitionproblemshaw thatit is possibleto obsere the samephenomenomven
whenthesmallernetworksaretrainedfor a greatemumberof iterations.

6.1.1 Degreesof Freedom

Rulesbasedon the degreesof freedomin the modelhave beenproposedor selectingthe topologyof an
MLP, e.g. “The numberof parametes in the networkshouldbe (significantly)lessthan the numberof
examples” or “Each parameterin an MLP can comfortablystore 1.5 bits of information. A networkwith
mote thanthis will tendto memorizghedata” (accordingo CMU folklore).

Theserulesaimto preventoverfitting, but they areunreliableasthe optimalnumberof parameterss likely
to dependon otherfactors,e.g. the quality of the solutionfound, the distribution of the datapoints,the
amountof noise,andthe natureof the functionbeingapproximated.

Specificrules, suchas thosementionedabore, are not commonlybelieved to be accurate(Sarle,1996).
However, thestipulationthatthenumberof parametermustbelessthanthenumberof exampless typically
believedto betruefor commondatasetsTheresultshereindicatethatthis is not alwaysthecase.

Face Recognition Example This sectionpresentgesultson real data. Figure 7 shaws the resultsof

trainingan MLP to classify10 peoplefrom imagesof their face§. Thetrainingsetcontainss imagesper
personfor atotal of 50 training patterng. Thetestsetcontaineda differentsetof 5 imagesperperson.A

smallwindow wassteppedover theimagesandtheimagesamplesat eachpoint were quantizedusinga
two dimensionakelf-oganizingmap (Kohonen,1995). The outputsof the self-oganizingmapfor each
imagesamplewereusedastheinputsto theMLP . A subsebf theimagess shavn in figure6. In eachcase,
the networks weretrainedfor 25,000updates.The networks usedcontainmary more parametershanthe
numberof training points,asshavn in table 2, yet the besttraining error andthe bestgeneralizatiorerror
correspondso thelargestmodel. Note thata) generalizatiorhasnot beencontrolledusing,for example,a
validationsetor weightdecay andb) overfitting would be expectedwith sufiiciently large networks.

Whensimulatedon serialmachines|arger networks requirelongertraining timesfor the samenumberof
updatesHence,it is of interestto comparevhathappensvhenthe smallernetworks aretrainedfor longer

8Thisis not proposedhsanintelligentfacerecognitiontechnique.

“The databas@sedis the ORL databasevhich containsa setof facestaken betweerApril 1992andApril 1994at the Olivetti
ResearchLaboratoryin Cambridgeandis availablefrom http://www.cam-orl.co.uk/facedatabase.html. Therearel0
differentimagesof 40 distinctsubjectdn the databaseTherearevariationsin facial expressiorandfacial details.All theimages
aretakenagainsta darkhomogeneoubackgroundvith the subjectsn anup-right,frontal position,with toleranceor sometilting
androtationof up to about20 degrees.Thereis somevariationin scaleof upto about10%. Theimagesaregreyscale(256levels)
with aresolutionof 92x112.
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Figure7. Facerecognitionexperimentshaving thatthe optimalnumberof weightsin a network canbemuchlarger
thanthe numberof datapoints. The smallestmodel, with six hiddennodes,has 156 times more parametershan
training points (7810 parameters).The largestmodel, with 14 hiddennodes,has364 times more parametershan
trainingpoints(18210parameters)Thetesterroris givenasthepercentagef examplesincorrectlyclassified.

| Numberof hiddennodes] 6 | 8 | 10 | 12 | 14 |
| Numberof weights | 7810 10410] 13010] 15610| 18210]

Table2. Thenumberof parameteré thefacerecognitionnetwork asthe numberof hiddennodesis increased.

thanthelargernetworks. Figure8 presentsheresultsof trainingall of thenetworkstwice aslong. It canbe
obseredthattheresultsdo not changesignificantly

Experimentswvith MLP networks for speechphonemerecognitionhave alsosuggestedhat betterperfor
mancecan be obtainedby overspecifyingthe numberof parameterand using a cross-alidation setto
terminatetraining (RenalsMorgan,CohenandFranco,1992;Robinson1994).
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Figure8. As perfigure 7 with the networkstrainedfor twice aslong.

6.2 Function Complexity

This sectioninvestigateghe quality of the solution found by backpropagatiomms the maximumrandom
weightin the generatinghetwork, K, is increased. Figure10 shavs the resultsfor tamgetandgenerating
networks with topology20 : 10 : 1. Ny = 2000 and NV;e = 5000. It is difficult to visualizethe target
functionas K is increased A simplemethodwhich providesan indicationof the complity is plottedin

figure9 andis createdasfollows:

for each output o
for each input ¢
set all inputs # 4 equal to 0
plot output o as input ¢ is varied from -2 to 2
repeat 10 times
set all inputs # i equal to Gaussian random values (1 = 0, 0% = 1)
plot output o as input % is varied from -2 to 2

Fromfigure 9, it canbe obsered thatthe function“complexity” increasesvhenK is increasedrom 1 to
5. Hence,K may be consideredasa parametercontrolling the function “complexity” althougha precise
definitionof “complexity” 1° is not beingused.

Again,theoptimaltrainingseterrorfor all networksis zerobecausen), > m;. As K increases;orrespond-
ing to the target function becomingmore “complex”, it canbe obsenred thatthe solutionfound becomes
significantlyworse.Worsegeneralizatiomaybe expectedas K increaseshowever thefocushereis onthe
trainingerrorwhencomparedo theoptimalerrorof zero.

This behaiour canbe explainedby consideringthe error surfaceas K is increased.MLP error surfaces
canhave mary areaswith shallav slopesin multiple dimensiongHecht-Nielsen1990). Thisis typically a

10 arge weightsdo not always correspondo tamget functionswhich are not “smooth”, for examplethis is not the casewhen
fitting thefunctionseck{x) usingtwo tanh sigmoids(Cardell,JoerdingandLi, 1994)(becaussectiz) = limg4—,o(tanh(z + d) —
tanh(z))/d, i.e. theweightsbecomendefinitelylarge asthe approximatiorimproves).
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Figure9. Plotsindicatingthe complexity of the target functionfor varying K. Above K = 1, belov K = 5. The
networksusedfor creatingtheseplots hadthetopology20:10:1.Therows correspondo thefirst five inputsof these
networks. Thefirst columncorrespondso the casewhereall otherinputsaresetto zero,andthe remainingcolumns
correspondo the caseswvherethe otherinputs are setto randomvalues,as per the pseudo-code The abscissaf

eachindividual plot correspondso the valueof theinput for thatrow andrangedrom -2 to 2. The ordinateof each
individual plot correspondso the network output.

resultof theweightedsumat oneor moreof the hiddennodesbecomingarge, which causeghe outputof
thesehiddennodesto becoménsensitve to smallchangesn therespectie weights(theunit is operatingn
atail of the sigmoidfunctionwherethe slopeis small). As K increasesthe optimal solutionrequiresthe
nodeso operaten theregion wherethe slopeis smallmoreoften.

This resulthighlightsa point regardingthe applicationof MLP models:the natureof thetamgetfunctionis
oftennotconsideredn detail. Perhapgonsideratiorof theimplicit biastowards*smooth” modelscanbe of
help and preprocessingfforts could be directedtowardsformulatingthe requiredapproximatiorto better
suitthe MLP. Additionally, it is expectedhatif the requiredapproximatioris “smoother’thentheweights
of the network arelesslikely to be driven towardslarge values,nodesarelesslikely to becomesaturated,
andgeneralizatiorperformancenay be expectedo improve.

6.3 Ensemblesof Networks and Noisy Training Data

Committeesor an ensembleof networks, are known to be able to improve generalizatiorperformance
(Jacobs1995;Drucker, Cortes Jaclel, Le CunandVapnik,1994;Krogh andVedelsby1995;Perroneand
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Figure10. Error for networkswith thetopology20:10:1lasthe maximumrandomweightfor the generatingietwork
is increased. The graphon the top is the training error. The graphon the bottomis the testerror. The abscissa
correspondso thevalueof K. Eachresultis averagedover ten simulations- plusandminusonestandardieviation
errorbarsareplottedateachpoint.

Cooper 1993). This sectioninvestigateghe effect of usingcommitteesasthe amountof noiseaddedto

thetraining dataincreases A simpleweightedensembleof networks is used. Considerthe biashariance
dilemmaasin (GemanBienenstockandDoursat,1992)wherethe MSE may be decomposethto biasand
variancecomponents:

MSEsias = (Ep[f ()] — Elylz])” (1)

MSEvariance - ED [(f(.’L‘) - ED[f(w)])2] (2)

whereE, representshe expectationwith respecto atrainingset, D, and f(z) is theapproximatingunc-
tion.  With finite training data, reducingthe bias generallyincreaseghe varianceand vice versa. For
a multilayer perceptronthereis anothervarianceterm dueto convergenceto local minimawhich canbe
reducedusingensemblesandthe effect of this reductionis greaterif the individual networks have larger
variance(see(Naftaly, Intrator and Horn, 1995)). Increasingnoiselevels, andthe resultingpoorercon-
vergence may inducethis condition. Therefore,it is expectedthat the ensembldechniquemay be more
beneficialasthenoiselevel is increased.

Figure 11 shaws the resultsof using 1 to 4 committeenetworks asthe standarddeviation of zero mean
Gaussiamoiseaddedto thetrainingdatais variedfrom 0 to 2% of the standardieviation of theinputdata.
It canbe obseredthatthe useof morenetworksin the ensemblaloesappearto be moresuccessfuasthe
noiseis increasedThenetworks hadtopology20:10:1andweretrainedfor 5 x 10° updatesN;, was2,000
andeachresultwasaveragedver 10 differentstartingconditions.
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Figurell. Testerrorasthe numberof committeenetworksis increasedrom 1 to 4 in eachplot. Fromtop to bottom:
no noise,and Gaussiamoisewith a standarddeviation of 1%, and 2% of the standarddeviation of the input data
respectiely.

7 Discussion

Usinganartificial taskwherethe optimaltraining errorwasknovn anda samplerealworld problemalong
with a pre-specifieadnaximumnumberof trainingupdatesit wasshawvn that:

1. Thesolutionfoundby gradientdescentvith a practicaltrainingtime is often significantlyworsethana
globally optimalsolution.
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2. In certaincasesthe bestgeneralizatiorcan occur whenthe numberof parametersn the network is
greaterthanthe numberof datapoints. This canoccurwhenthelarger networksareeasietto train.

This resultshouldnot be taken to indicatethat oversizednetworks shouldalways be used. However,
the resultdoesindicatethat, in certaincasestraining canbe more successfuln larger networks, and
consequentyit is possiblefor larger networksto resultin improved generalizationlt remainsdesirable
to find solutionswith the smallesnumberof parameters.

3. The solutionfound by gradientdescentan be significantlyworseasthe functionto be approximated
becomesnorecomple.

4. Theuseof ensembldgechniqguesanbeincreasinglybeneficialasthe level of noisein thetraining data
increases.

5. Giventhesetof functionsthata particularMLP canapproximateanda pre-specifiednaximumnumber
of trainingupdatescertainfunctionsare“harder”to approximataisingbackpropagatiothanothers.

7.1 Network Sizeand Degreesof Freedom

A simpleexplanationfor why larger networks cansometimegprovide improvedtrainingandgeneralisation
erroris that the extra degreesof freedomcanaid corvergence,i.e. the additionof extra parametergan
decreasehe chanceof becomingstuckin local minimaor on “plateaus”,etc. (Kroseandvan der Smagt,
1993).

This sectionprovidesplots of the function approximatedy the trainednetworks andthe network weights
which indicatethe following: a) the function approximatedy the oversizednetworks remainsrelatively
“smooth”,andb) aftertraining,theextradegreesof freedomin thelargernetworkscontritute to thefunction
approximatedn only aminorway. Theplotsin this sectiorwerecreatedisinga smallertaskin orderto aid
visualisationthegeneratingietworkshadtopology5:5:1andthetrainednetworkshad5, 15,and25 hidden
units. 1,000trainingdatapointswereusedandthe randomweightmaximumvaluewas?2.

Figuresl2to 14 provide anindicationof thefunctionapproximatedy the networksasthe network size(5,
15, and 25 hiddenunits) andamountof noise(Gaussiamoisewith standarddeviation 0, 5%, and 10% of
theinput standardieviation) in the dataarevaried. The plotsaregenerateédsdescribedn sectiond4. The
dottedlines shaw the target function (from the generatinghetwork) andthe solid line shavs the function
approximatedy thetrainednetwork. Obsenrations:a) thetrainingnetwork approximatiortendsto beless
accuratdor the optimalsizenetwork, b) theapproximatiorappearselatively “smooth”in all cases.

Figuresl5to 17 shawv the weightsin thetrainednetworks asthe network size(5, 15, and25 hiddenunits)
andamounbf noise(Gaussiamoisewith standardieviation 0, 5%, and10%of theinputstandardieviation)
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Figure 12. The function approximatedoy networks with 5, 15, and 25 hiddenunits for the caseof no
noise.Theplotsaregenerateédsdescribedn sectiord. Thedottedlinesshav thetargetfunction(from the
generatingietwork) andthe solid line shavs thefunctionapproximatedy thetrainednetwork.

in the dataarevaried. Eachdiagramis plottedasfollows: The columns(1 to 6) correspondo theweights
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Figure13. Thefunctionapproximatedby networkswith 5, 15, and25 hiddenunitsfor the caseof Gaussian
noisewith standardieviation 5% of thestandardieviation of theinputs. Theplotsaregeneratedsdescribed
in sectiord. Thedottedlinesshav thetamgetfunction(from thegeneratingnetwork) andthesolidline shavs
thefunctionapproximatedby thetrainednetwork.
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Figure14. Thefunctionapproximatedby networkswith 5, 15, and25 hiddenunitsfor the caseof Gaussian
noisewith standarddeviation 10% of the standarddeviation of the inputs. The plots are generatechs
describedn section4. The dottedlines shawv the target function (from the generatingnetwork) andthe
solidline shavs thefunctionapproximatedy thetrainednetwork.
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from the hiddennodesto the biasandthe 5 input nodes. The rows are organisednto groupsof two with
a spacebetweenreachgroup. The numberof groupsis equalto the numberof hiddennodesin the trained
network. For thetwo rows in eachgroup,thetop row correspondso thegeneratingietwork andthe bottom
row correspondso the trainednetwork. Theideais to comparethe weightsin the generatingandtrained
networks. Therearea coupleof difficulties which arisein this comparisorwhich areresohed asfollows.
Firstly, thereis no reasonfor hiddennodel in the generatingnetwork to correspondo hiddennodel in
thetrainednetwork, etc. This problemis resoled by finding the bestmatchingsetof weightsin thetrained
network for eachhiddenunit in the generatinghetwork (usingthe Euclideandistancebetweerthe weight
vectors),andmatchingthe hiddennodesof thetrainedandgeneratinghnetworks accordingly Additionally,
thesebestmatchesare orderedaccordingto the respectie distancedetweerthe weight vectors,i.e. the
top two rows shaws the generatinghetwork hiddennodewhich wasbestapproximatedy a hiddennodein
thetrainednetwork. Likewise,theworstmatchis atthebottom. A secondproblemis thattrying to match
the weightsfrom the hiddennodesto the input nodesdoesnot take into accountthe outputlayerweights,
e.g. exactly the samehiddennodefunction could be computedwith differentweightsif the hiddennodes
weightsarescaledandtheoutputlayerweightsarescaledaccordingly For thecaseof only oneoutputwhich
is consideredere,the solutionis simple: the hiddenlayer weightsare scaledaccordingto the respectie
outputlayerweight. Eachindividual weight(scaledby the appropriateoutputweight)is plottedasfollows:
the squareis shadedn proportionto the magnitudeof the weight, wherewhite equalsO andblack equals
themaximumvaluefor all weightsin the networks. Negative weightsareindicatedby a white squarenside
theouterblack squarewhich surroundsachweight.

Obsenrations: a) the generatingnetwork weightsare often matchedmore closely by the larger networks
(considetthefourth andfifth bestmatchinggroupsof two rows), b) the extraweightsin thelargernetworks
contritute to the final approximationin only a minor way, and c) the resultsindicatethat pruning (and
optionallyretraining)the larger networks may performwell.

A conclusionis thatbackpropagationanresultin the underutilisatiorof network resourceé certaincases
(i.e. someparametersaybeineffective or only partially effective dueto sub-optimakonvemgence).

Sincereportingthe work containedin this paper S. Hansonhas stated(Hassoun,Cherkassk Hanson,
Oja, Sarleand Sudjianto,1996): “Whetherin the language of approximationtheory (overfitting etc.) or

statisticalestimationbiasvs. variance)it is clearthattoo manyparametes in somenonpaametricmodels
canbegrievous,howerer with manyNeual Networks more parametes canactuallyimprove things. and
“Such [phenomena)which arise uniguelyin Neural Networkapplicationsshouldbe more of a focusfor

statisticiansratherthan an anomalyto beignored”. This sectionhasinvestigatedhe phenomenomnder
controlledconditionsanddiscussedhow the phenomenomayarise.

The phenomenomasalsobeenobsered by others,e.g. Dadson(1996)states’l find thatin practicenet-
workswith a very parsimoniousnumberof neuonsare hard to train”, Slomka(1996)stateshat slightly
larger thanoptimal size networks have oftenimproved performanceandBack (1992) stateghat“o verpa-
rameterizegynapsegive lower MSEandvariancethanexactorder synapses’in thecontet of modelling
nonlinearsystemswith FIR andIIR MLP networks.
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Figure15. The weightsaftertrainingin networkswith 5, 15, and25 hiddenunitsfor the caseof no noise.
In eachcase the resultsareshavn for two networks with differentrandomstartingweights. The plotting
methodis describedn thetext. For eachpair of rows, the top row correspondso the generatinghetwork
andthebottomrow correspond$o thetrainednetwork. Obsere thata) the generatingnetwork weightsare
oftenmatchednorecloselyby thelargernetworks (comparehefourth andfifth setof two rows), andb) the
extraweightsin thelargernetworks contritute to thefinal approximatiorin only a minorway.

7.2 Occam’sRazor

Theresultsshaving thatlargerthanoptimal sizenetworks cangeneralizébetter in certaincasesarenotin
contradictiorwith Occams razor Occams razor,which adwocateghe simplerout of a numberof possible
solutions,is not applicableto the situationwhereeachsolutionis of a differentquality, i.e. while larger
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Figure16. The weightsaftertrainingin networkswith 5, 15, and25 hiddenunitsfor the caseof Gaussian
noisewith standardieviation 5% of the standardleviation of theinputs.In eachcasetheresultsareshavn
for two networks with differentrandomstartingweights. The plotting methodis describedn thetext. For
eachpair of rows, the top row correspondso the generatinghetwork andthe bottomrow correspondso
the trainednetwork. Obsere thata) the generatingnetwork weightsare often matchedmore closely by
the larger networks (comparethe fourth andfifth setof two rows), andb) the extra weightsin the larger
networks contrilkute to thefinal approximatiorin only aminorway.

networks can provide improved generalizatiorperformancethis typically only happensvhenthe larger
networksarebettermodelsof thetrainingdata.
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Figurel7. The weightsaftertrainingin networkswith 5, 15, and25 hiddenunitsfor the caseof Gaussian
noisewith standardieviation 10%of thestandardleviation of theinputs.In eachcasetheresultsareshavn
for two networks with differentrandomstartingweights. The plotting methodis describedn thetext. For
eachpair of rows, the top row correspondso the generatinghetwork andthe bottomrow correspondso
the trainednetwork. Obsere thata) the generatingnetwork weightsare often matchedmore closely by
the larger networks (comparethe fourth andfifth setof two rows), andb) the extra weightsin the larger
networks contrikute to thefinal approximatiorin only a minorway.

7.3 Learning Theory

Theresultsarealsonotin contradictionwith statisticallearningtheory Vapnik (1995)stategshatmachines
with asmallVC dimensionarerequiredto avoid overfitting. However, he alsostateghat“it is difficult to
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appioximatethetraining data”, i.e. for a given problemin MLP approximationthe goalis to find the ap-
propriatenetwork sizein orderto minimizethetradeof betweeroverfittingandpoorapproximation Vapnik
suggestshattheuseof a priori knowledgeis requiredfor smalltrainingerrorandsmallgeneralisatiomrrotr

For the caseof linearoutputneuronsBarron(1991;1992)hasderivedthefollowing boundonthetotal risk
for anMLP estimator:
C .
0 (_f) +0 (Mlogjvt,,) ©)
mp A%r

whereC is thefirst absolutemomentof the Fouriermagnitudedistribution of thetargetfunction f andis a
measuref the“complexity” of f. Again, atradeof canbe obsered betweernthe accurayg of the bestap-
proximation(which requiredargerm;,), andtheavoidanceof overfitting (which requiresa smallermy, / N,
ratio). However, this doesnot take into accountlimited training time and differentratesof convergence
for different f. The left-handterm (the approximatiorerror) correspondso the error betweenthe tamget
functionandthe closestfunctionwhich the MLP canimplement.For the artificial task,the approximation
erroris zerofor mj, > 10. Basednthisequationjt is likely thatmj), = 10 would beselectedastheoptimal
network size(notethattheresultsreportedhereusesigmoidalratherthanlinearoutputneurons).

Recentvork by Bartlett(1996)correlatesvith theresultsreportechere.Bartlettcomments:the VC-bounds
seenmoose;neual networksoftenperformsuccessfullyvith training setsthatare consideably smallerthan

the numberof networkparametes”. Bartlettshavs (for classificationYhatthe numberof trainingsamples
only needsto grow accordingto A% (ignoringlog factors)to avoid overfitting, where A is a boundon the

total weightmagnitudefor a neuronand! is the numberof layersin the network. This resultandeitheran

explicit (weightdecayetc.) orimplicit biastowardssmallerweightsleadsto thephenomenonbseredhere,

i.e. largernetworksmaygeneralizevell andthereforebettergeneralizationis possiblefrom largernetworks

if they canbetrainedmoresuccessfullfhanthe smallernetworks.

7.4 The Curse of Dimensionality

Considerz; € R™. Theregression,f(z) is a hypersuricein R™. If f(z) is arbitrarily comple and
unknavn then densesamplesare requiredto approximatethe function accurately However, it is hard
to obtaindensesamplesin high dimensions. This is the “curse of dimensionality”!! (Friedman,1995).
The relationshipbetweenthe samplingdensityand the numberof points requiredis ~ N (Friedman,
1995)wheren is the dimensionalityof the input spaceand N is the numberof points. Thus,if N; is the
numberof pointsfor a givensamplingdensityin 1 dimensionthenin orderto keepthe samedensityasthe
dimensionalityis increasedthe numberof pointsmustincreaseaccordingto N7.

Kolmogora’'s theoremshaws thatary continuoustunction of n dimensionscanbe completelycharacter
ized by a 1-dimensionatontinuousfunction. Specifically Kolmogora's theorem(Friedman,1995; Kol-
mogorw, 1957;Kilrkova, 1991;Klrkova, 1995)stateghatary continuous

2n+1 n
f@1, 2, 20) = Y gy ( /\Z-Qj(xi)> 4)
j=1 1=1

Hotherdefinitionsof the“curseof dimensionality”exist, howvever we usethedefinition of Friedman(1995).
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where{);}? areuniversalconstantghatdo not dependon f, {Q;(z)}3"*! areuniversaltransformations
whichdo notdependbn f, andgy(u) is acontinuouspne-dimensiondlnctionwhichtotally characterises
f(z1,z2,...,2,) (g5 is typically highly nonsmooth)j.e. thereis a onedimensionakontinuousfunction
thatcharacteriseary continuousunctionof n arguments.As such,we canseethatthe problemis not so
muchthe dimensionalitybut the complity of thefunction (high dimensionafunctionstypically have the
potentialto be morecomple) (Friedman,1995),i.e. the curseof dimensionalityessentiallysaysthatin
high dimensionsthe lessdatapointswe have, the simplerthe function hasto be in orderto representt
accurately The No FreeLunchtheorem(WolpertandMacready1995)shaws that,if we do not make ary
assumptionsegardingthe tamgetfunction,no algorithmperformsbetterthanary otheron average.In other
words,we needto make assumptionsA corvenientandusefulassumptiorfwhich correspond$o common
sensorydatain mary instancesjs thatof smoothnessAs demonstratedsmoothefunctionscorrespondo
fasterconvergence.Intuitively this is reasonable- morecomple functionscorrespondo a greaterdegree
of saturationin the nodesandthebackpropagatedrrorapproachegeroin saturatedaegions.

7.5 Weight Distrib utions

In certaincasesstandarcackpropagatiosanleadto animplicit biastowardssmallerweightsasthe fol-

lowing experimentshavs. Networksweretrainedasbeforeusingdatageneratedrom a network initialised
usingK = 20, Ny, = 20,000 (cf. the curseof dimensionalityandmorepointsrequiredfor morecomplex

tamget functions),no generalizatiorcontrol,and5 x 10° iterations.Figure 18 shavs box-whislers plots of
thedistribution of weightsaftertrainingfor networkswith 10to 50 hiddennodes.Obsere thattheweights
in thetrainednetworks are,on average smallerthanthosein the generatinghetwork.
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Figure 18. Box-whiskers plots shaving the weight magnitudedistribution for the generatingnetwork (10 hidden
nodespntheleft) andthetrainednetworkswith 10to 50 hiddennodes Averagecdver 10trialsin eachcase.

7.6 Universal Approximation

Theresultsarenegative in termsof the possibility of traininglarge homogeneouMLPs to parsimoniously
represenarbitraryfunctions.Evenfor the caseof relatvely smallmaximumweightsin the network, it can
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beseenthatconvergencemaybedifficult for themostparsimoniousolutions.While large MLPs have been
successfuin patternrecognition(e.g. speectphonemeaecognition(BourlardandMorgan,1994)),we sug-
gestthatit canbedifficult to find parsimoniousolutionswhichemploy appropriaténternalrepresentations.

With referenceto biological neuralnetworks, the reasonthat we canlearnthe thingswe do is, perhaps,
critically linkedto the pre-wiringof the humanbrain. For example we know thatwe have alot of difficulty
training a chimpanzedo learna humanlanguagelet aloneMLPs. This conclusionappliesto the homo-
geneoudMLP type of universalapproximatiorapproacto learningby example. Thereis a whole classof
algorithmsfor learningby examplewhich operateon the basisof looking for regularitiesandthenincorpo-
ratingtheseregularitiesinto the model(e.g. grammarinductionalgorithms).In contrastthe computational
capacityof MLPsis static.

Finally, we quoteMinsky andPaperts epilogueto “Perceptrons{1988):

“In the early years of cyberneticseveryoneundesstoodthat hill-climbing was alwaysavailable for working easy
problems but that it almostalwaysbecamédmpractical for problemsof larger sizesand compleities. \We were very
pleasedo discoverthat[perception corvermgence]couldberepresenteashill-climbing; howeverthatveryfactledus
to wonderwhethersut proceduescoulddependablypegenerlized,evento thelimited classof multi-layermadines
we havenamedGambaperceptions. Thesituationseemsot to havechanged mud — we haveseemo contempoary
connectionisipublicationthat castsmud new theotetical light on the situation. Thenwhy has [backpropagation,
gradientdescentlpecomeso popularin recentyears? In part this is becauset is sowidely applicableand because
it doesindeedyield new results(at leaston problemsof rathersmallscale). Its reputationalso gains,we think, from
it beingpresentedn formsthat shaes, albeitto a lesserdegreg the biological plausibility of [the perception]. But
wefear that its reputationalso stemsrom unfamiliarity with the mannerin which hill-climbing methodseterioate
whenconfrontedwith larger scaleproblems.

Minsky and Paperts assertiorthatlocal minimaandrelateddifficulties area problemappeardo be valid.
We agree— it doesnot appeatthatstandardMLP networkstrainedwith backpropagatiocanbe scaledup
to arbitrarily large problems.However, while thereare certainfundamentalimitationsto the performance
of this classof learningalgorithms MLPs have producedetterresultsthansomenotablealternatves, e.qg.
perceptronsvith thresholdunits (Werbos,1974). The imposition of the sigmoidnon-linearitiesin MLPs
allows the useof gradientdescenbptimisationandempiricalresultssuggestshatthe error suriacecanbe
(relatively speaking)juite suitablefor a gradientdescenbasecdptimizationprocess.

8 Appendix A: Generalizationand Overfitting

This sectionprovidesa brief overvien of generalizatiorandoverfitting.

Generalizatiomefersto howv well a modelperformson unseerdata,i.e. the modelis trainedusinga given
trainingsetandgeneralizatiortorrespond$o the expectedperformancef themodelon new patterns.

Mathematically the goal of MLP training canbe formulatedas minimizationof a costfunction (Bengio,
1996):

e = / e/ e, w), dp(x.d) dxdd 5)

I
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wheree is alocal costfunction, f is thefunctionimplementedy the MLP, x is theinputto themodel,d is
thedesiredutputof themodel,w correspondto theweightsin thenetwork, andp representtheprobability
distribution. The objective of trainingis to optimisethe parametersv suchthat E;,.,,. is minimised:

w

W= argmin/ de(f(x, w),d)p(x,d) dxdd (6)

Eye is thegeneralizatiorerror(Bengio,1996),i.e. theexpectedoerformancenf the MLP on new patterns
randomlychoserfrom p(x, d). In practicep(x, d) is notknown. Insteadatrainingset7 = {xp,dp}ivp is

given,whereN,, is the numberof patternsandanapproximatiorof E;,. is minimisedwhichis calledthe

empiricalerror (Vapnik,1982)or trainingerror(Bengio,1996):

Np

E = Ze(xp,dp) (7

p=1

Thequadraticandrelative entrofy costfunctionsareexamplesof suchanerrorfunction.

A very importantguestionis how well a modeltrainedto minimise E generalisesi.e. how low Ej;. iS).
This is importantbecausdow E (performanceon the training set) doesnot necessarilymeanlow Ej,.,.
(expectedperformancen new patterns).

An MLP providesafunctionmappingfrom inputvaluesto desiredoutputvalues.This mappings generally
“smooth” (in a sensalefinedby the natureof the activation function, thetopologyof the network, andthe
training algorithm) and allows interpolationbetweenthe training points. Considerthe simple caseof an
input with only onedimensionasshavn in figure 19. The training patternsmarked with a cross,contain
noise. The true, underlyingfunction mappingmay be that shawn in the middle graph. However, without
ary controlling schemethe MLP may seriouslyunderfit (the left-handgraphin figure 19) or overfit (the
right-handgraphin figure 19) the data. Obsere thatthe averageerror on the training sampleds highest
for the underfittinggraphin figure 19 andlowestfor the overfitting graph. For the caseof overfitting, the
erroronthetrainingsamplesnaybeverylow, but errorontestsamplesnaybehigh (considettestpointsin
betweerthetraining pointson the overfitting graph),i.e. for a given MLP, astrainingis continuedpastthe
“correctfit” point, generalizatiorperformancenaydecreaseThis is thewell known biashariancetradeof
(Gemaretal., 1992)— in the underfittingcase the MLP estimatoproducesstimatesvhich have high bias
but low variance(an estimatoris saidto be biasedif, on average the estimatedvalueis differentto the
expectedvalue). In the overfitting case bias of the estimatoris low but varianceis high. Thereexistsan
optimumbetweerthetwo extremes.

The dggreeto which overfitting is possibleis relatedto the numberof training patternsand the number
of parametersn the model. In general,with a fixed numberof training patterns,overfitting can occur
whenthe modelhastoo mary parametergtoo mary degreesof freedom). Figure 20 illustratesthe idea
usingpolynomialapproximation.A training datasetvas createdwhich contained21 pointsaccordingto
the equationy = sin(z/3) + v wherewv is a uniformly distributed randomvariable between-0.25 and
0.25. The equationwasevaluatedat 0,1, 2, ...,20. This datasetvasthenusedto fit polynomialmodels
(Rivlin, 1969;Press,Teulolsky, VetterlingandFlannery 1992)with ordersbetween2 and20. For order
2, the approximationis poor as shavn in figure 20. For order 10, the approximationis reasonablygood.
However, asthe order(andnumberof parametersincreasessignificantoverfitting is evident. At order20,
theapproximatedunctionfits thetrainingdatavery well, howvever theinterpolationbetweertrainingpoints
iS very poot
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Figure19. Underfittingandoverfitting.

Figure21 shavs theresultsof usinganMLP to approximatehe sametrainingset?. As for the polynomial
case the smallestnetwork with one hiddenunit (4 weightsincluding biasweights),did not approximate
the datawell. With two hiddenunits (7 weights),the approximatioris reasonablygood. In contrasto the
polynomialcasehowever, networks with 10 hiddenunits (31 weights)and50 hiddenunits (151 weights)
alsoresultedin reasonablygood approximations.Hence for this particular(very simple) example,MLP
networks trainedwith backpropagatiodo not leadto a large degreeof overfitting, evenwith morethan7
timesasmary parameterasdatapoints. It is certainlytrue that overfitting canbe a seriousproblemwith
MLPs. However, this examplehighlightsthe possibility that MLPs trainedwith backpropagatiomay be
biasedowardssmootheapproximations.

Figure22 shaws a differentexamplewheresignificantoverfitting canbe seenin larger MLP models. The
sameequationwvasusedasfor the previousexampleexcepttheequationvasonly evaluatedat0, 1,2, ... , 5,
creating6 datapoints. The figure shavs the resultsof usingMLP modelswith 1 to 4 hiddennodes. For
this example the 3 and4 hiddennodecaseproduceanapproximatiorwhichis expectedo resultin worse
generalization. A testdatasetwas createdby evaluatingthe equationwithout noise(y = sin(z/3)) at
intenalsof 0.1. Tables3 and4 shav theresultson thetestsetfor themodelstrainedon thefirst andsecond
examplerespectiely. For thefirst example thelargestnetwork providedthe bestgeneralizationHowever,
for thesecondexample the network with 2 hiddennodesprovidedthebestgeneralizatior- larger networks
resultedn worsegeneralizatiomdueto overfitting.

\ HiddenNodes\ 1 \ 2 \ 10 \ 50 \
TrainingMSE | 0.373| 0.0358| 0.0204| 0.0204
TestMSE 0.257| 0.0343| 0.0222| 0.0201

Table 3. Resultsfor MLP interpolationof the functiony = sin(z/3) in the range0 to 20. The bestgeneralization
correspondetb thelargestnetwork testedwhich had50 hiddennodes.

12Training detailswere asfollows. A single hiddenlayer MLP, backpropagation]00,000stochastidraining updatesanda
learningrateschedulewith aninitial learningrateof 0.5wereused.
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Figure20. Polynomialinterpolationof the functiony = sin(z/3) + v in therange0 to 20 asthe orderof
themodelis increasedrom 2 to 20. v is a uniformly distributedrandomvariablebetween0.25and0.25.
Significantoverfitting canbe seenfor orders16 and20.

\ HiddenNodes\ 1 \ 2 \ 10 \ 50 \
TrainingMSE | 0.0876| 0.0347| 4.08e-5| 7.29¢e-5
TestMSE 0.0943| 0.0761| 0.103 0.103

Table4. Resultsfor MLP interpolationof the functiony = sin(x/3) in therange0 to 5. The bestgeneralization
correspondetb 2 hiddennodes- largernetworksresultedn highererrordueto overfitting.

Acknowledgments

We would like to acknavledge useful discussionsvith and commentsfrom R. CaruanaS. Hanson,G.
Heath,B.G.Horne,T. Lin, K.-R. M{ller, T. RogrvaldssonandW. Sarle.Theopinionsexpressedereinare
thoseof theauthors Thiswork hasbeenpatrtially supportedy the AustralianResearciCouncil(ACT) and
the AustralianTelecommunicationand ElectronicsResearciBoard(SL). Thanksto the Olivetti Research
LaboratoryandF. Samarigor compilingandmaintainingthe ORL database.

30



Approximation Approximation

X Training Data  x X Training Data  x
1| _...._x Target Function without Noise-— | 1k ...._x Target Function without Noise-— |
ki 0.5
X
> > 0
X/
- -0.5
Ny
1 XX 1 X
15 : 15 :
0 10 20 0 10 20
X X
1 HiddenNode 2 HiddenNodes
15 — 15 —
Approximation Approximation
X Training Data  x X Training Data  x
1l _..__x Target Function without Noise-- | 1l « Target Function without Noise---- |
>

15 15
0 10 20 0 10 20
X X
10HiddenNodes 50 HiddenNodes

Figure21. MLP interpolationof thefunctiony = sin(z/3) + v in therange0 to 20 asthenumberof hidden
nodesis increasedrom 1 to 50. v is a uniformly distributed randomvariablebetween0.25and0.25. A
large degreeof overfitting cannot beobsered.
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