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Abstract

Theperformanceof neuralnetwork simulationsis oftenreportedin termsof themeanandstandardde-

viation of a numberof simulationsperformedwith differentstartingconditions.However, in many cases,

the distribution of the individual resultsdoesnot approximatea Gaussiandistribution, may not be sym-

metric, and may be multimodal. We presentthe distribution of resultsfor practicalproblemsand show

thatassumingGaussiandistributionscansignificantlyaffect theinterpretationof results,especiallythoseof

comparisonstudies.For acontrolledtaskwhichwe consider, wefind thatthedistributionof performanceis

skewed towardsbetterperformancefor smoothertarget functionsandskewed towardsworseperformance8:9<;=;'>�?A@=@CB=B'B
DFEHGHI'J�DFELK�DMEHGHI�DNIPO0QR@C9LOSQTGP>LU'V<GHWP@=X<UCB<Y<G'ELIPGZ 9<;=;'>�?A@=@CB=B'B
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for morecomplex target functions. We proposenew guidelinesfor reportingperformancewhich provide

moreinformationabouttheactualdistribution.

1 Intr oduction

1.1 PerformanceMeasures

It is commonin neuralnetwork simulationsto reportresultsusingthemeanandstandarddeviationof anumber

of trials with different startingconditions[11]. However, in many cases,the distribution of the individual

resultsdoesnot approximatea Gaussiandistribution, may not be symmetric,andmay be multimodal. For

non-Gaussiandistributions, more informative methodscanbe usedto presentthe data(suchasplotting the

distribution or box-whiskersplots(seesection2.2)).

In this paper, we presenta numberof experimentswhich show that thedistribution canbenon-Gaussianand

non-symmetric.Consequently, we proposethat, in many cases,resultsshouldbetreatedin a differentmanner

to thecommonpracticeof reportingonly themeanandstandarddeviation from a numberof trials (a testfor

normalitycanbeusedto determinewhenthedistribution differssignificantlyfrom aGaussiandistribution).

1.2 ConvergencePropertiesof Neural Network Training Algorithms

Theperformanceof aneuralnetwork simulationis theresultof atrainingprocessandit is thereforeof interestto

considerthepropertiesof thetrainingproblem.Researchersin computationallearningtheoryhave investigated

the complexity of neuralnetwork learning[9, 5, 15, 19]. Judd[16] showed that even undervery restrictive

assumptions,thegeneralproblemof findingasetof weightsconsistentwith a setof examplesis NP-complete.

Blum andRivest[5] haveproventhattrainingevenathreenodenetwork canbeNP-complete.Theseresultsare

for thresholdnetworks. For sigmoidnetworks,Auer, HerbsterandWarmuth[1] have shown that thenumber

of local minimamaygrow exponentiallyin thenumberof parameters.It is conjecturedthat trainingmayalso

be NP-completefor sigmoidnetworks. Therefore,in general,theremay be no algorithmcapableof finding

the optimal set of parameterswhich hascomputationtime that is boundedby a polynomial in [ , the input

dimension.

A typical compromiseis to useaniterative optimizationtechnique[9] suchasbackpropagation.In mostcases,

suchtechniquesareonly guaranteedto find a local minimumof thecostfunction. Backpropagationcanfail in

verysimplecases[6, 17, 18], resultingin a localminimumsignificantlyworsethantheglobalminimum.When

theproblemandthe trainingalgorithmmake it hardto find a globally optimal solution,it may bedifficult to

predicttheexpectedqualityof thesolutionsfound. In suchcases,thereis typically no reasonto expectthatthe

distribution of resultswill alwaysbeGaussian,andthereforetheactualdistribution is of interest.

A typical methodof assessingtheperformanceof a network is to run anumberof simulations,eachbeginning

from a differentstartingpoint in weight space,andreportthe meanandstandarddeviation of the individual
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results. This procedureis mostsuitablewhen the distribution of the resultsis Gaussian.For example,if a

particularnetwork and training algorithm hasa distribution of resultswhich is skewed or multimodal, this

will not beobserved usingthemeanandstandarddeviation. In this case,we proposethata bettermethodof

describingtheresultswill provide a moreaccurateunderstandingof thetruenatureof theperformanceof the

network andthealgorithm.

The remainderof this paperis organizedasfollows: in section2, we examinealternative approachesfor de-

scribingadistribution. In section3, wepresentanumberof experimentswhichshow thepossiblenon-Gaussian

natureof thedistribution of resultsandindicatehow otherstatisticalmeasuresmaybebetterthanthetraditional

meanandstandarddeviation. Section4 presentsapossibleextensionto box-whiskersplots.Section5 provides

conclusionsandrecommendationsconcerningthepresentationof resultsfrom multipleneuralnetwork trials.

2 DescriptiveStatistics

In this sectionwe introducealternativesto themeanandstandarddeviation for describinga distribution, and

theKolmogorov-Smirnov testwhichweuseto testadistribution for normality.

2.1 Median and Interquartile Range

Themedianandthe interquartilerange(IQR) aresimplestatisticswhich arenot assensitive to outliersasthe

commonlyusedmeanandstandarddeviation [27]. Themedianof a probabilitydistribution, \^]`_%a , is thevalue_
b for whichsmallerandlargervaluesof _ areequallyprobable:cedHfg�h \^]`_$ai[�_kjmln j c hdHf \^]`_$ao[._ (1)

Whengiven a sampleof valuesfrom a distribution, themedianis estimatedasthevalue _ b which hasequal

numbersof valuesabove it andbelow it, i.e. themedianis thevaluein themiddlewhenarrangingthedistri-

bution in orderfrom thesmallestto thelargestvalue.Whenthenumberof pointsis even,it is conventionalto

estimatethemedianasthemeanof thetwo centralvalues,i.e. themedianis definedas[22]:

_�bpj qrts _�uwv&x�y!zF{0|.} ~ oddy|�� _�v�{0|���_�u�v6{0|�z�x�y'��}�~ even
(2)

wherethedatais in orderfrom thesmallestvalue, _ y , to thelargestvalue, _ v .

If thedatais split into two equalgroupsaboutthemedian,thentheIQR is thedifferencebetweenthemedians

of thesegroups.TheIQR contains50%of thepoints.Thelower point of theIQR, themedian,andthehigher

point of theIQR arealsoknown asthefirst, second,andthird quartilesrespectively (Q1, Q2, andQ3). When

comparingthemeanandthemedian,bothhave advantagesanddisadvantages.Themedianis oftenpreferred

for distributionswith outliers,however themeantakesinto accountthenumericalvalueof everypointwhereas

themediandoesnot. For example,if a studentwishesto averageexamresultsof (5, 90,94,92) thenthemean
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would bemoreappropriate.However, for neuralnetwork resultdistributions,thedistribution of theindividual

performanceresultsis often of interest,rather than the meanperformancefrom a numberof trials. More

specifically, thestatisticof interestmaybetheprobability thata trial will meeta givenperformancecriterion.

Thequartilescanprovide moreinformationaboutthedistribution of the resultsand,consequently, thenature

of theoptimizationprocess.

2.2 Box-WhiskersPlots

Box-whiskersplots [23] usethe medianandIQR asmeasuresof centraltendency andspreadratherthanthe

meanandstandarddeviation. Additionally, they alsoshow themaximumandminimumvaluesof thedistribu-

tion. TheIQR is shown with a box andthemedianis representedwith a baracrossthebox. Whiskersextend

from theendsof thebox to theminimumandmaximumvalues.Outliersaresometimesplottedseparately(e.g.

pointsgreaterthan1.5 IQR from theendsof thebox maybeconsideredto beoutliersandplottedseparately

[23]).

2.3 Kolmogorov-Smirnov Test

TheKolmogorov-Smirnov (K-S) testcanbeusedto testthenormalityof a distribution. TheK-S � statisticis

[25, 12, 22]: ��j �����g�h:� d ��h��t� ]`_$a���~�]`_%a � (3)

where � ]`_%a is an estimatorof thecumulative distribution function of thedistribution to testand ~�]`_$a is the

cumulative distribution function for (in this case)the normaldistribution ( �<���L] d� | aS� n �����¡  for mean0 and

variance1). Thedistribution of theK-S � statisticcanbeapproximatedfor thenull hypothesisthatthedistri-

butionsarethesame.We canthereforedeterminethesignificancelevel of a givenvalueof � (asa disproofof

thenull hypothesisthatthedistributionsarethesame).Theformulais:¢ j Prob]A�¤£ observeda�j�¥�¦¨§ª©^«N¬ ~����� l n ����� l�l ��¬ ~¯®��±° (4)

where~ is thenumberof datapointsand ¥�¦¨§%]`_%a is:¥�¦¨§%]`_$a�j n h²³P´ y ]µ� l a ³ g yC¶ g | ³'· d · (5)¢
rangesfrom 0 to 1 andsmallvaluesof

¢
indicatethatthedistributionsaresignificantlydifferent(in thiscase

smallvaluesof
¢

indicatethat thedistribution representedby � ]`_%a is not Gaussian).For theresultsreported

here,� ]`_$a is createdfrom thedistribution of resultsafternormalizationto zeromeanandunit variance.

2.4 Presentationof Results

In order to obtain an indication of the differencesin presentingresultsusing box-whiskers plots and mean

plusandminusonestandarddeviation points,four sampledistributionswereusedasshown in figure1. The
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distributionsarea) a Gaussiandistribution, b) a Cauchydistribution [21], c) a Betadistribution [21], andd) a

distribution createdfrom the summationof two Gaussiandistributions. The equationsfor thesedistributions

are(respectively):

¸ j l¬ nR¹ �=��º¼» �#_ |n¾½ (6)

¸ j ��� n � ¹��� n | ��_ | (7)

¸ j qr s � d ¿ �����¡ ��TÀ'Á y#Â � l � � d ¿ �����¡ ����=Ã�}Ä� n �¡ ÆÅÇ_ÈÅ n �¡ ��} otherwise
(8)

¸ j ���¡É¬ nR¹ �=��º � �#Ê��Ë��]`_k� n a | �Ì� ���ÎÍ¬ nR¹ �=��º � �#Ê��Ë��]`_Ï� n a | � (9)

Wegenerated100pointscorrespondingto eachof thefour distributions.Table1 shows thestatisticsmentioned

earliercalculatedfrom thesesetsof 100 points,andfigure 2 shows box-whiskers plots alongwith the usual

meanplus andminusonestandarddeviation plots. For distributions b), c), andd), it canbe observed that

thebox-whiskersplotsprovide moreinformationabouttheactualdistribution. For b), thebox reducesin size

relative to thewhiskers,indicatingthat thecentral50%of pointslie within a smallerregion. For c) andd) the

box movesin thedirectionthat thedatais skewed andthemedianmovestowardsthebottomof thebox (the

directionof skew). It is not possibleto determinefrom the box-whiskersplot that d) is multimodal. Hence,

box-whiskersplotsgenerallygive anindicationof significantdifferencesin skew andkurtosis.
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Figure1. Sampledistributions:a) Gaussian,b) Cauchy, c) Beta,andd) summationof two Gaussians.
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Figure2. Box-whiskersplotsalongwith themeanandplus/minusonestandarddeviation for thesampledistributionsin

figure1. In eachcase,a box-whiskersplot is shown asa rectangularbox with verticalextensors.Thebox correspondsto

theIQR, thebar representsthemedian,andthewhiskersextendto theminimumandmaximumvalues.Immediatelyon

theright of eachboxplot, themeanandplus/minusonestandarddeviation is shown asa verticalline.

Distribution Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S Ð K-S Ñ
a 0.036 0.067 1.03 1.22 -0.54 0.68 -2.87 2.70 0.051 0.95

b -0.020 -0.014 0.79 0.34 -0.17 0.17 -3.29 3.56 0.27 8.5e-7

c -1.58 -1.75 0.68 0.91 -2.10 -1.19 -2.47 0.18 0.64 4.1e-37

d -1.11 -1.96 1.76 0.90 -2.22 -1.33 -2.75 3.23 0.69 9.2e-44

Table1. Statisticsfor 100pointsgeneratedfrom thedistributionsin figure1. Q1 andQ3 arethefirst andthird quartiles

(IQR = Q3- Q1). TheK-S valuesindicatethatthereis ahigh likelihoodthatthepointscamefrom aGaussiandistribution

only for (a).

3 Empirical ResultDistrib utions

We areprimarily interestedin thedistribution of resultsfor practicalproblems,andtheresultingimplications

for how resultsarepresented.Therefore,wepresenttheresultsof anumberof experimentsusingproblemsthat

have beencommonlyusedin theneuralnetwork literature. In eachcase,we plot andanalyzethedistribution

of thenetwork errorfor thetrainingandtestdata.

3.1 Training Details

We usedstandardbackpropagationwith stochasticupdate(updateafter every training point). Exceptwhen

specified,all networks areMLPs. All inputswerenormalizedto zeromeanandunit variance.Thequadratic

costfunction wasused[13]. The learningratewasreducedlinearly to zeroover the training periodfrom an
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initial valueof 0.11. Performanceis reportedin termsof thepercentageof examplesincorrectlyclassified(for

theclassificationproblem)or normalizedmeansquarederror(NMSE) which is definedas[26]:

Definition 1

NMSE j Ò v�ÓÔ ´ y Ò v$Õ³P´ y ]A[ Ô ³ � ¸ Ô ³ a |» Ò v ÓÔ ´ y Ò v Õ³P´ y © [ Ô ³ � © Ò v ÓÔ ´ y Ò v Õ³'´ y [ Ô ³ ° ��]A~*Ö�~Ø×Ha ° | ½ ��]A~*Ö�~:×<a (10)

where [ is the desiredor target value, ¸ is the predictedvalue, ~ Ö is the numberof patterns,and ~ × is the

numberof outputs. Ù
3.2 PhonemeData

Theseexperimentsusea databasefrom the ESPRITROARS project. The aim of the task is to distinguish

betweennasalandoral vowels [24]. Thereare3600trainingpatterns,1800testpatterns,five inputsprovided

by cochlearspectra,andtwo outputs.Using10 hiddennodesand250,000iterationsper trial, thedistribution

of resultsis shown in figure3. It canbeobservedthatthedistributionsareskewedtowardsbetterperformance

and are a) not Gaussianand b) not symmetric. Statisticsof the distributions are shown in table 2. From

the K-S statistics,we observe that the probability of the distributions beingGaussianis very low (note that

the underlyingdistribution of performanceis discreteratherthancontinuous– we arerelying on therebeing

sufficient patternsin order to approximatea continuousdistribution reasonablywell). Figure4 shows box-

whiskersplots andthe usualmeanandstandarddeviation plots for the training andtestdistributions. It can

be observed that the medianis significantly different to the mean. The fact that the distribution is skewed

towardsbetterperformanceis not evidentfrom themeanandstandarddeviation values.Theextra information

containedin theactualdistribution andthebox-whiskersplotscanbe important,e.g. thedistribution cangive

anindicationof how oftenatrial meetsagivenperformancecriterionandcanthereforebeusefulin determining

how many trials arerequiredin agivensituation.

3.3 Mackey-GlassTime Series

TheMackey-Glassequationis a time delaydifferentialequationfirst proposedasa modelof white bloodcell

production[20]: [._[.Ú j Û _^]`Ú^��Ü
aÝ l ��_�ÞH]`Ú^��Ü
aàß ��áC_�]`ÚSa (11)

1We have foundthis to resultin similarperformanceto the“searchthenconverge” learningrateschedulesproposedby Darkenand

Moody [8].
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Figure3. Thedistribution of classificationerror for thenetworkstrainedon thephonemeproblem.The left handgraph

shows the training distribution and the right handgraphshows the test distribution. The abscissacorrespondsto the

percentageof examplesincorrectlyclassifiedandtheordinaterepresentsthepercentageof individualresultsfalling within

eachsectionof the histogram.The distribution is createdfrom 200 individual simulationswith randomstartingpoints.

It canbe observedthat the distribution is skewed towardsbetterperformance.Note that the scaleschangebetweenthe

graphs.

Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S � K-S
¢

Trainingerror 17.7 17.1 1.42 1.53 16.9 18.4 16.2 21.8 0.22 6.6e-5

Testerror 19.2 18.4 1.34 1.45 18.3 19.8 17.2 22.2 0.22 9.6e-5

Table2. Statisticsfor thedistribution of resultsfor thephonemetask.Q1 andQ3 arethefirst andthird quartiles(IQR =

Q3 - Q1). Note that,aswould beexpectedfrom thedistributions,themedianis lower thanthemeanandtheminimum

andmaximumvaluesarenot symmetricabouteitherthemeanor themedian.TheK-S â valuesarevery low, indicating

thatthereis a very low probabilitythattheobservedsamplescamefrom a Gaussiandistribution.
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Figure4. Box-whiskersplots for the phonemetaskalongwith the meanandplus/minusonestandarddeviation. The

box-whiskersplotsgiveanindicationthattheactualdistributionsareskewedtowardsbetterperformance.

wheretheconstantsarecommonlychosenas ä�åpæ�ç¡è , éoåpæ�çMê , and ëiåìê<æ . Thedelayparameterí determines

the behavior of the system[10]. For íïîñð�ç¡ò�ó thereis a stablefixed point attractor. For ð�ç¡ò�ó�îíôîõêHó�ç¡ó
thereis a stablelimit cycle attractor. Perioddoublingbegins at íeå¤êHó�ç¡ó andcontinuesuntil íeåöêH÷�ç¡ø . Forí�ùúêH÷�ç¡ø the systemproducesa chaoticattractor. For theexperimentsreportedhere, íeå�óRæ , theserieshas

beensubsampledusing û:ü�åp÷ , andthemodelsaretrainedto predictthevalueof theseriesonestepahead.

For theMackey-Glassproblem,theresultsof anumberof architecturesarecompared:MLP, FIR MLP, andIIR

8



MLP [3, 4]. TheFIR andIIR MLP networksaresimilar to thestandardMLP excepteachsynapseis replaced

by FIR andIIR2 filters respectively. For theFIR MLP, theFIR filters wereorder5 (6 taps).For theIIR MLP

the IIR filters wereorder(5, 5). In both cases,filters wereonly usedin thefirst layer synapses– the second

layersynapsescontainedstandardweights.TheMLP networksusedaninput window of 6. Eachnetwork had

5 hiddennodesandwastrainedfor 200,000updates.Therewere1,000trainingpatternsand1,000testpatterns.

TheFIR andIIR networksweretestedbothwith andwithout synapticgains[2]. It is interestingto observe the

differencein thedistribution of resultsin this case.Whenusingsynapticgainsanextra parameteris inserted

into eachsynapsewhichmultipliestheweightedsumof theindividualfilter outputs.Altering asynapticgainis

equivalentto alteringall of theweightscorrespondingto thefilter taps.Theadditionof synapticgainsdoesnot

affect therepresentationalpower of thenetworks,however it doesaffect theerrorsurfaceandtheextradegrees

of freedommaymake optimizationeasier[2].

Figure5 shows thedistribution of thenormalizedmeansquarederror(NMSE) results.It canbeobserved that

thedistributionvariessignificantlyacrossthevariousmodels3 andthatthedistributionsareoftenhighly skewed

andseveralaremultimodal.Figure6 showsbox-whiskersplotsandtheusualmeanandstandarddeviationplots

for thesemodels.Table3 showsthestatisticsplottedin figure6 alongwith theK-S values� and
¢

, from which

it canbeobservedthatall of thedistributionshave very low probabilityof beingGaussianexceptfor theMLP

case.

If normality of the resultsdistributions is assumed,andthe actualnatureof the distributions is ignored,this

would leadto thefollowing problems:ý Significantdifferencesin thedistributionsof theresultsfor differentalgorithmswouldbemasked.ý The FIR network with gainswould be consideredbetterthanthe IIR network with gains(becausethe

meanerrorfor thesecasesis similarandthestandarddeviation is lower for theFIR gainscase).However,

in reality, the IIR gainscasemaybepreferred– themedianerror for the IIR caseis almostanorderof

magnitudelower thanthat for theFIR gainscase.Thus,in this case,if normalityof thedistribution of

resultsis assumed,thenthebestperformancecouldbeattributedto thewrongnetwork.ý An observeroperatingundertheassumptionthattheresultsareapproximatelynormallydistributedwould

beundertheimpressionthatapercentageof networksobtainedperformancebetterthanthemeanminus

onestandarddeviation points. However, noneof the100 trials resultsin suchperformancefor the two

IIR testcases– themeanminusonestandarddeviation is actuallylower thanthebestindividual error.

In general,it canbeobservedthatthebox-whiskersplotscanbemoreinformative thanthemeanplusstandard

deviation plots,but arenotasinformative astheactualdistributions.

2FIR: Finite ImpulseResponse,IIR: Infinite ImpulseResponse.
3It is alsointerestingto notethesignificantlydifferentdistributionsfor theFIR andIIR MLP networkswith andwithout synaptic

gains(recall thattheadditionof synapticgainsdoesnotalterthecomputationalcapabilitiesof thenetwork).
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Figure5. Thedistribution of theNMSE resultsfor theMLP, FIR MLP, andIIR MLP networks trainedon theMackey-

Glassproblem(from 100simulationsin eachcase).Theleft handgraphsshow thedistribution of trainingerrorsandthe

right handgraphsshow thedistributionof testerrors.Theabscissacorrespondsto themeansquarederrorandtheordinate

representsthepercentageof individual resultsfalling within eachsectionof the histogram.Note that thescaleschange

from graphto graph.

3.4 Artificial Task

In orderto conducta controlledexperimentwherewe vary thecomplexity of the target function,we usedthe

following artificial task4:

1. An MLP with 5 inputnodes,5 hiddennodes,and1 outputnodeis initializedwith randomweights,uniformly

selectedwithin a specifiedrange,i.e., þ¨ÿ in the range ��� to � , where þ¨ÿ aretheweightsof thenetwork

exceptthebiases,and � is a constant.Thebiasweightsareinitialized to small randomvaluesin therange]µ�o���Ë� l }����Ë� l a . In general,as � is increased,the“complexity” of thefunctionmappingis increasedaswill

beshown later.

2. ����� datapointsarecreatedby selectingrandominputswith zeromeanandunit varianceandpropagating

them throughthe network to find the correspondingoutputs. This dataset� forms the training datafor

4Thetaskis similar to theprocedureusedin [7].
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Figure6. Box-whiskersplotsfor theMackey-Glasstaskalongwith themeanandplus/minusonestandarddeviation. The

MLP andFIR nogainscasesarecompresseddueto therelatively poorperformanceof theothercases.Therefore,theplot
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Trainingnormalizedmeansquarederror

Model Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S � K-S 
MLP 0.00140 0.00140 6.41e-5 9.90e-5 0.00135 0.00145 0.00123 0.00153 0.066 0.76

FIR no gains 0.00159 0.00156 0.000128 0.000118 0.00152 0.00164 0.00136 0.00229 0.34 1.3e-10

FIR gains 0.0733 0.0669 0.0556 0.0962 0.0226 0.119 0.00188 0.186 0.18 0.0035

IIR nogains 0.146 0.145 0.0145 0.0182 0.138 0.157 0.117 0.174 0.5 � 0

IIR gains 0.0687 0.00822 0.0900 0.137 0.00197 0.139 0.000976 0.499 0.28 2.5e-7

Testnormalizedmeansquarederror

Model Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S � K-S 
MLP 0.00189 0.00190 7.55e-5 0.000103 0.00184 0.00194 0.00171 0.00209 0.052 0.95

FIR nogains 0.00202 0.00200 0.000121 6.10e-5 0.00197 0.00203 0.00180 0.00268 0.39 6.8e-14

FIR gains 0.0726 0.0688 0.0533 0.0778 0.0245 0.102 0.00241 0.170 0.17 0.0054

IIR nogains 0.172 0.159 0.0536 0.0404 0.144 0.184 0.130 0.408 0.5 � 0

IIR gains 0.0743 0.00820 0.0980 0.142 0.00232 0.144 0.00136 0.514 0.28 2.2e-7

Table3. Statisticsfor the distribution of resultsfor the variousmodelson the Mackey-Glassproblem. From the K-S

values,it canbe observed that all of the distributionshave very low probability of beingGaussianexceptfor the MLP

case.

subsequentsimulations.Theprocedureis repeatedto createa testdatasetwith ����� points. ����� is 1,000and

����� is 5,000.

3. Thetrainingdataset � is usedto train new MLPs. Theinitial weightsof thesenew networksaresetusing

standardprocedures(i.e. they arenotequalto theweightsin thenetwork usedto createthedataset).They are

initializedonanodeby nodebasisasuniformly distributedrandomnumbersin therange]µ� n �tÊ����6ÿS} n �tÊ�����ÿµa
where �6ÿ is thefan-inof neuron� [13]. Eachnetwork wastrainedfor 200,000updates.

Figure7 shows theprocessgraphically.

It is difficult to visualizethe function we are trying to approximate. A simple methodwhich gives us an

indicationis plottedin figure8 andis createdasfollows:

������������� �"!$#&%'!(#*)
�+�'���������-,/.'%0!$# �

1 �2#3�04/45,/.0%'!(# 1 6j7� �985!��040#:� �%'4 ��#*�"!(#;%0!$#3)<� 1 ,=.'%0!$# � , 13> ����, �9?<�:�@�"ACBED #F�GD�H��%����(# Ê #I,=AJ� 1
1 �2#3�04K4L,/.0%'!$# 1M6jN� #F�POQ�0! 1R1 , �0.M�@�0.(?0�"A > �'4/!(� 1TS�U jp�"VXW | j l Y%'4 ��#3�"!$#&%'!(#Z) � 1 ,=.'%'!(# � , 13> �[��, �9?G�:�@�"ACBED #F�<D
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Figure7. Theprocessof creatingthedatasets.

Figure 9 shows histogramsof the distribution of resultsfor the following four cases: � j l }C �} l ��} l   . It

canbeobservedthatthedistribution of performanceis skewedtowardsbetterperformancefor smoothertarget

functions(lower � ) andskewedtowardsworseperformancefor morecomplex targetfunctions(higher � ), i.e.

ageneraltrendcanbeobservedwhereahigherfrequency of thetrials resultedin relatively worseperformance

as � wasincreased.Note that thereis significantmultimodality for high � . Figure10 shows box-whiskers

plotsandtheusualmeanandstandarddeviation plotsfor thesefour cases.Table4 shows thestatisticsplotted

in figure 10 alongwith the K-S values � and
¢

, from which it canbe observed that all of the distributions

have very low probabilityof beingGaussian.Notethatthemeanminusonestandarddeviation for � j l and

� j   is actuallylower thanthebestindividual error(from 100trials).

As with other descriptive statisticsbox-whiskers plots can be lessinformative than the actualdistributions.

Comparingfigures9 and 10, it can be seenthat the histogramsof the actualdistributions are indeedmore

informative thanthebox-whiskersplots. However, aswith otherdescriptive statistics,thebox-whiskersplots

presentasimplerview of thedatawhichis quicker to interpretandcompare.Hence,thebox-whiskersplotscan

beseenasbeingin betweentheuseof themeanandstandarddeviation andtheuseof theactualdistributions.
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� j l

� j  

Figure8. Plots indicatingthe complexity of the mappingfor the MLP with differentvaluesof \ , the maximumvalue

of the randomweights. Theplots werecreatedasper thepseudo-code.Eachindividual plot shows the network output

versusoneof theinputs.Therowscorrespondto thefive inputsof thenetworks.Thefirst columncorrespondsto thecase

whereall otherinputsaresetto zero,andtheremainingcolumnscorrespondto thecaseswheretheotherinputsaresetto

randomvalues.

4 ExtendedBox-WhiskersPlots

Box-whiskersplots provide a betterindicationof the true distribution thanthe meanandstandarddeviation.

They are limited however. For example,the bimodalnatureof the distribution in figure 1 and the trimodal

natureof thedistributionsin figure9 for ]_^a`�b cannotbeidentifiedfrom thebox-whiskersplots.

Box-whiskersplotsdividethedatainto four segmentswherethedivisionpointsarethemedianandthemedians

of thetwo segmentsabove andbelow theoriginal median.Dividing thedatainto a largernumberof segments

is oneway of increasingthe expressive power of the plots. Figure11 shows the resultsfor the artificial task

usingdivision into eightsegmentsinsteadof division into four (by dividing eachof thefour segmentsaboutthe

medianof thesegment).It canbeseenthattheresultingplot doesprovide moreinformation.For example,the

trimodalnatureof the ]c^d`�b testNMSE distribution canbe identified(from thevariationin thesizeof the
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Figure9. The distribution of errorsfor the networks trainedon the artificial task(from 100 simulationsin eachcase).

Fromtop to bottom,the graphscorrespondto j valuesof 1, 5, 10, and15. The left handgraphsshow the distribution

of training errorsandthe right handgraphsshows the distribution of testerrors. The abscissacorrespondsto the mean

squarederrorandtheordinaterepresentsthepercentageof individual resultsfalling within eachsectionof thehistogram.

Notethatthescaleschangefrom graphto graph.

segmentsandtheknowledgethatafixedpercentageof thesampleslie in eachsegment).However, thetrimodal

natureof the ]h^f`�b trainingNMSE distribution cannotbedetectedat this level of division.

5 Conclusions

Publicationscommonlyreportthe performanceof neuralnetworks usingthe meanandstandarddeviation of

a numberof simulationswith different startingconditions. Other papersrecommendreportingconfidence

intervals using Gaussianor k -distributions (for a numberof runs lessthan100) and testingthe significance

of comparisonsusing the k -test [11]. However, theseassumesymmetricdistributions. The distribution of

resultsfor neuralnetwork simulationscanvarywidely dependingonthenetwork architecture,thedata,andthe

trainingalgorithm.Comparisonsbasedon themeanandstandarddeviation of simulationresultscantherefore

bemisleadingif theobserver assumesthedistributionsareGaussian.Alternative meansof presentingresults

canbemoreinformative. For example,it is possibleto obtainanindicationof how oftena particularnetwork

andalgorithmwill produceanacceptableresult.In apracticalsituation,thedistribution of resultscanaffect the

desirablenumberof trials,e.g. if theresultsof multiple trials do not vary greatly, thenit maybereasonableto

useasmallernumberof trials.
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Figure10. Box-whiskersplotsfor theartificial taskalongwith themeanandplus/minusonestandarddeviation.

Thepossiblenon-normalityof performancedistributionsaddsanelementof risk to the trainingprocess.The

expectedor averageperformancemaynot bethemostimportantmeasureof success,e.g. thelikelihoodthata

particulartrial meetsagivenperformancecriteriondependsontheactualdistributionof results.In somecases,it

maybedesirableto tradeloweraverageperformancefor anincreasedcertaintyof obtainingagivenperformance

level. Dependingon thedistribution of results,a portfolio approach[14] maybeusedto reduce,for example,

theexpectedtime for training to reacha giventargetperformance(in a portfolio approach,multiple networks

aretrainedin parallelandthefractionof time spenttrainingeachnetwork canbeadjustedin orderto optimize

agiventrainingcriterion,suchasthetime requiredfor 95%of trials to reachagiventargetperformance).

Our recommendationsare:

1. Plotthedistributionof resultsfor visualinspection.Distributionscanbesignificantlymultimodalandneither

themeanplusstandarddeviation norbox-whisker plotsshow thecompletepicture.

2. Usethemedian,interquartilerange,minimumandmaximumvaluesaswell asthemeanandstandarddevi-

ationfor interpretingresults.Whenplotting results,usebox-whiskersplots[23].

3. In certaincasesit maybepossibleto approximatea normaldistribution by removing outliers. For thecase

wherearelatively smallnumberof trials resultin comparatively poorconvergence,thepracticeof removing
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Trainingnormalizedmeansquarederrorn
Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S o K-S p

1 0.00209 0.00119 0.00220 0.00148 0.000887 0.00237 0.000471 0.0139 0.25 8.3e-6

5 0.00473 0.00121 0.00605 0.00812 0.000751 0.00887 0.000527 0.0396 0.26 1.9e-6

10 0.0255 0.0321 0.01589 0.0306 0.00783 0.0384 0.00430 0.0530 0.17 0.0045

15 0.0401 0.0460 0.0168 0.0324 0.0217 0.0542 0.0123 0.0639 0.19 0.0015

Testnormalizedmeansquarederrorn
Mean Median Std.Dev. IQR Q1 Q3 Min Max K-S o K-S p

1 0.00209 0.00115 0.00226 0.00151 0.000843 0.00235 0.000453 0.0139 0.25 6.3e-6

5 0.00629 0.00167 0.00804 0.0104 0.00118 0.0115 0.000766 0.0522 0.25 3.3e-6

10 0.0447 0.0497 0.0239 0.0442 0.0190 0.0631 0.01229 0.0882 0.17 0.0071

15 0.0687 0.0707 0.0224 0.0471 0.0443 0.0914 0.03038 0.0997 0.12 0.088

Table4. Statisticsfor the distribution of resultsfor the artificial task. Note that as j increases,the mediangoesfrom

beingbelow themeanto beingabovethemean.
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Figure11. Extendedbox-whiskersplotsfor theartificial taskalongwith themeanandplus/minusonestandarddeviation.

In comparisonwith figure10, theseplotsprovide a betterindicationof theactualdistribution. For example,thetrimodal

natureof the jsrut2v testNMSE plot canbeseenhere(from thevariationin thesizeof thesegmentsandtheknowledge

thata fixedpercentageof thesampleslie in eachsegment).
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thosetrials from thestatisticsandreportingthepercentageof “f ailed” trialsmaybereasonable.Notethatwe

do not know a priori whatthedistribution of resultswill befor a givenapplication.Therefore,any strategy

for identifyingandremoving outliersshouldideallybechosenbasedonobservationof theactualdistribution

of results.

It maysometimesbedifficult to performenoughsimulationsin orderto accuratelycharacterizethedistribution

of performancewithin a reasonabletime. Thereforeit may not alwaysbe possibleto follow the recommen-

dationsgiven in this paper. In the caseof a limited numberof runs,the distribution andbox-whiskers plots

approximatethetruedistribution, andthenumberof runsshouldbeclearlystatedin orderto aid interpretation

of the results.For thecaseof only five simulations,box-whiskersplots reduceto showing all of thefive data

points.This canstill behelpful, e.g. oneor morerunsmaybeidentifiableasoutliersevenwith suchfew data

pointsandeven one“f ailed” run cansignificantlyalter themeanandstandarddeviation therebypresentinga

very differentpictureto abox-whiskersplot.
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