3x

n � 1

F ( 3x

n

) ,

3x

n

Published in: IEEE World Conference on Computational

Intelligence, p. 2483, 1998. Copyright IEEE.

(1)

Neural Learning of Chaotic Dynamics:

The Error Propagation Algorithm

              Rembrandt Bakker, Jaap C. Schouten, Cor M. van den Bleek C. Lee Giles

Delft University of Technology, NEC Research Institute

                                                                                         Department of Chemical Process Technology 4 Independence Way

                                                                              Julianalaan 136, 2628 BL Delft, The Netherlands Princeton, NJ 08540

r.bakker@stm.tudelft.nl giles@research.nj.nec.com

Abstract

An  algorithm is introduced that trains a neural network to

identify  chaotic dynamics from a single measured time -

series. The algorithm has four special features:

   1. Th e  st ate of the system is extracted from the time -

                                 seri es  using delays, followed by weighted Principa l

                                 Component Analysis (PCA) data reduction .

   2. T he prediction model consists of both a linear model

                                 and a Multi-Layer-Perceptron (MLP).

   3. T he  effective prediction horizon during training i s

                                 user-adjustable,  due to `error propagation´ :

                                 p rediction errors are partially propagated to the next

                                 time step.

   4. T o  decide when to stop training, a criterion i s

                                 monitored  during training to select the model that ha s

                                 a  ch aotic attractor most similar to the real system´ s

                                 attractor.

T he  algorithm is applied to laser data from the Santa F e

time-series  competition (set A). The resulting model is no t

o nly useful for short-term predictions but it also generates

tim e-series  with similar chaotic characteristics as th e

measured data.

1. Introduction

A  time-series measured from a deterministic c haotic system

has  the appealing characteristic that its evolution is full y

determined  and yet its predictability is limited, due t o

e xponential  growth of errors in model or measurements. A

variety  of data-driven analysis methods for this type of time -

s eries was collected in 1991 during the Santa Fe time-series

competition  [1]. The methods focused either o n

chara cterization  or prediction of the time-series. N o

attent ion  was given to a third, much more powerfu l

obj e ctive:  given the data and the assumption that it wa s

pro duced  by a deterministic system, find a set of mode l
equa tions  that will produce a time-series with identica l

chaot ic  characteristics, having  the same chaotic attractor .

T he model could be based on first principles if t he system is

w ell understood , but here we assume knowledge of just the

tim e-series  and use a neural network based, black-box ,

mod el.  In concise neural network jargon we formulate ou r

goal:  train a network to learn the chaotic attractor. A numbe r

o f authors addressed this issue [2-6]. The common approa ch

i s to identify a prediction model, gener ate a time-series with

it and investigate its characteristics. Principe et al. [2]  foun d

that  in many cases this approach fails; learning of th e

a ttractor i s not guaranteed and remains a matter of trial and

e rror. To improve th e common approach, Kuo and Principe

[3]  proposed to minimize multi-step instead of just one-step -

ahead  prediction errors. We proceed in this line of thought

by  i ntroducing an algorithm that effectively increases th e

p rediction horizon of the model d uring training; however, it

dif f ers  in that it does not compute multi-step-ahea d

predictions  but, more efficiently, propagates previou s

p rediction errors. Th e algorithm is explained in section 4.1.

I t is  implemented along with three other features that make

t he modeling more effective: the reduction  of the number of

model  inputs by weighted PCA (section 2); use of a

combined  linear model and MLP (section 3); and monitorin g

du ring  training of a criterion to compare model an d

me asured  attractor (section 4.2). This criterion is used t o

decid e  when to stop training. Section 5 describes how th e

algorithm  was successfullyapplied to laser data (set A) fro m

th e  Santa Fe competition. The paper ends with concludin g

remarks and directions for future research (section 6).

2. Method of delays and PCA

The  discrete time evolution equation for a nonlinear ,

autonomous, deterministic and stationary system is

wh ere  F  is a nonlinear function, and  is the state of th e

system  at time t = t + n - , -  is the sampling time. In most real

n 0

appli cations  only a single variable is measured, even if th e

3z
n

� U
T

3y
n

,

3y
n

� U 3z
n

.

y
n � 1

F � ( 3x
n

) ,

3z
n

�
1

A 3z
n

�

3
b y
n

�
1

    3x

          n

                                   ( y

                                              n

                                                        m

                                                               �
                                                                     1

                                                                          , . . . , y

                                                                                                    n

                                                                                                         )

                                                                                                    m � 2 D

�
1

                                              3y

                                                    n

                                               3z

                                                     n

3y
n

3z
n
w ( d )
exp

d

1
m

1

,

3x
n

y
n

�
1

3x
n

�
1

3x
n

( y
n
m

�
1

, . . . , y
n

)

3x
n

3z
n

(2)

(3)

(4)

(5)

evolution  of the system depends on several variables. In thi s r ecent delay is doubled; without this correction it tends to  be
c ase,  we extract the state from the time-series of the single less  well reconstructed because it has only one neighbor in
meas ured  variable y  by taking a delay vecto r the delay vector.

                                                                                                                ,  where m  is the number of delays ,
calle d  embedding dimension. Takens [7] showed that thi s
method  of delays  will lead to evolutions of the type of Eq .

(1)  if we choose , where D  is the dimension o f
the systeḿ s attractor.

                 Th e  choice of the delay time -  and the embedding m  i s
h ig hly empirical. First we fix their product T = - m , the time
w indow, and consider that: (i) it is too short if the variation
wi thin  the window is dominated by noise; and (ii) it i s
longer  than necessary if the first and last part of the dela y
v ector hav e no correlation at all. Next we choose the delay
time  - . Here we must realize that -  is not only the tim e
int erval  between successive delays but it will also be th e
one- step-ahead  prediction time  of our model. That tim e
must  be small to enable generation of smooth time serie s
and  to ma ke sure that the mapping F  in Eq. (1) will b e
smooth.

2.1. Principal Component embedding

T he cons equence of choosing a small delay time in a fixed
ti me  window is a large embedding, m = T / - , causing th e
model  to have an excess number of inputs that are highl y
c orr elated. A convenient way to reduce the dimension of a
set  of linearly correlated variables is Principal Component

A nalys is  (PCA), as introduced in this context b y

B r oomhead and King [8]. PCA transforms the set of delay
vectors   to a new set of uncorrelated variables of reduce d
dimension.  The transformation matrix U  is computed b y
s ingu lar  value decomposition (SVD) of the covarianc e
matrix  S  of the input data. SVD decomposes S  into th e
product  o f three matrices U ( V , where U  and V  are bot h
T
ortho gonal  and (  is diagonal. The principal componen t
vectors  are computed by
and the original delay vectors  are reconstructed by

T he merit of PCA is that not all the elements of  need to
b e us ed. They can be sorted in order of explained variance
an d  often the number of elements can be much reduce d
while  retaining an accurate reconstruction in Eq. (3) .

Intuitively,  one would like the reconstruction of recen t
measurements  to be more accurate than that of older ones.

This  can be done by using weighted PCA  [9]. In ou r
e x perience, the standard weighting profile shown in Fig. 1
works  well. The curve is computed  wher e
w ( d )   is the weight for the d  delay.  The weight of  the most
th

Fig ure  1: standard w eighting profile used in th e
w eighted PCA.

3. Prediction model

A fter defining the state of our experimental system, we nee d
t o choose a representation of the nonlinear function F  in Eq.

( 1 ). Because we prefer to use a short delay time - , the one-
step-ahead  prediction will be highly correlated with the mos t
recen t  measurement, and a linear model may already mak e
ac curate  one-step-ahead predictions. To learn th e
nonlinearities  in F  we add  a standard Multi Laye r

Perceptron (MLP).

3.1. PCA State Update

I n Eq. (1), the ne w state of the system is predicted from the
previo us  one. But the method of delays has introduce d
i nformation from the past in the st ate of the system. Since it
i s not sound to predict the past, we first predict only the new
measured variable
and  then `update´ the old state  with the prediction
to  give . For delay vectors , thi s
update  simplyinvolves a shift of the time window: the oldes t
value  of y  is removed and the new, predicted value comes in .

In  our case of principal components , the updat e
r equires three steps: (i) reconstruct the delay vector fr om the
prin cipal  components; (ii) shift the time window; and (iii )
construct  the principal components from the updated delay
v ector.  Fortunately, these three operations can be done in a
s ingle matrix computation that we call `update f ormula´, see

Bakker et al. [10] for a derivation,
with

                                                                                                    A

                                                                                                               ij

M m

k   2

U

T

i , k

U

k   1 , j

3
b

i

U

T

i , 1

.

                                                                                                                      �

                                                                                                                    y

n � 1

F ( 3z

n

) .

3z

n � 1

A 3z

n

�

3
b [ ( 1

� ) y

n � 1

�

� �y

n � 1

] ,

3z

n � 1

A 3z

n

�

3
b [ y

n � 1

�

� e

n

] .

e

n

� �y

n � 1
y

n � 1

(6)

(7)

F igure 2. (a) one-step-ahead learning and  (b) error

pr opagation :  previous errors are partiall y

propagated to the next time step.

(8)

(9)

(10)
and eventua lly  be dominated by noise, resulting in bad multi -

4. Training algorithm

The  objective of our training procedure is to find a set o f

paramet ers  for the model such that it will approximate th e

a ttractor of the real system. This differ s from the usual goal

o f making good short-term p redictions. The question arises

w hat  happens if we simply minimize short-term prediction

erro rs;  will the prediction model approximate the attracto r

of  the real system? Principe et al. [2] showed in a n

e xperimental study th at this is not necessarily the case, and

l ater Kuo & Principe [3] an d also Deco and Schürmann [4]

propos e d,  as a remedy, to use trajectory learning , i.e. ,

minimize  multi-step instead of one-step-ahead predictio n

e rrors. This approach st ill minimizes prediction errors (and

c an still fail) but it leaves more room for optimization as it

make s  the prediction horizon user-adjustable. Th e

a lternative for trajectory learning that we present in section

4.1  do es not have the computational burden of computin g

multi-step-ahead  predictions. The idea is to make successiv e

pre dictions  dependent on each other by propagatin g

p revious predi ction errors. To achieve our goal of attractor

learning,  we extend, in section 4.2,  the training procedure

w ith a test developed by Diks et al. [11], that measures the

distance  between the model and real system attractor .

Training  can be stopped after the distance has reached it s

minimum.

4.1. Error Propagation

T he common way to train a prediction model is to m inimize

t he squared difference between th e predicted and measured

future value. The prediction is computed

In  s ection 3 we recommended to choose the delay time -

s mall. As a consequence, the one-step- ahead prediction will

b e highly correlat ed with the recent measurements and may

step-ahead  predictions. This motivated the aforementioned

t rajectory  learning approach: from a large number of initial

s tate s  compute predictions up to a fixed number of steps ,

and minimize the error of these predictions.

W e envisage  a second possibility to improve multi-step-

ah ead  predictions without actually computing them, thu s

m aking the algorithm more efficient. The idea  is to partially

p ropagate predict ion errors  to the next time step, such that

the  nex t prediction is affected by the previous one. To b e

precise,  we propose to update the next state with a mixture

of the predicted and measured value

where  �  is the error propagation parameter that must b e

chos en  between zero and one. Equivalently, defining th e

prediction error ,

Equation  (10) and the illustration in Fig. 2 make clear why

we  call this algorithm error propagation  (EP). Fo r

min imization  of the error we use conjugate gradients ;

g radients are computed with b ackpropagation through time.

In  a preliminary version of the algorithm [10], th e

paramet er  �  was taken as an additional output of th e

p red iction model, to make it state-dependent. The idea was

that  t he training procedure would automatically choose �

large  in regions of the embedding space where th e

p redictability is hig h, and small where predictability is low.

We  now think that the training procedure converges bette r

if  we choo se �  fixed, not to let adaptations of � , having a

big  influence on the average prediction error, dominate the

learning process.

4.2. Diks Test Model Selection

E rror propagation training does not guarantee that we reach

our  go al: learning of the system attractor. We minimiz e

p rediction errors while actually we wish to find a mo del that

has  an attractor close to the attractor of the real system. To

inve stigate  the relationship between these two criteria, w e

m onitor, during training, a test that computes the difference

betwee n  reconstructed attractors. We will select the mode l

that  has low prediction error and  a good result on this test .

The  test was recently developed by Diks et al. [11]. It i s

s imil ar  to visual comparison of attractors plotted in th e

em bedding-space.  The following null hypothesis is tested :

th e  two sets of delay vectors (model generated, measured )

are  drawn from the same multi-dimensional probabilit y

                                                                                      �

                                                                                 Q V
c

(
�

Q )

S
�

Q / V
c

(
�

Q )

S

3 / ( 10 ) � 0 . 9

                F ig u re  3. Diks test result ( S ) monitored during  each trainin g

                s ession. The triangles mark the point where the prediction erro r

                on the test set is at its minimum.

d istribution . T he test defines smoothed distributions of the lear nt  the attractor, and does no t
two  sets using Gaussian kernels and then provides a n `f o rget  the attractor´ when trainin g
unbi ased  estimate for the squared difference between th e proceeds.

dis t ributions,  , and its variance . Under the nul l    3. In  all cases, the common stopping criterion `stop whe n
hypothesis,  the ratio  is a random variabl e error  o n test set is at its minimuḿ does not yield a
with  zero  mean and unit variance. For details we refer t o model with an acceptable Diks test result.

[11].  Special attention is needed for the choice of th e
bandwidth  parameter that is used by the Gaussian kernels .

It  deter mines the length scale at which the two sets ar e
c ompared. Diks suggests to use a small part of the available
data  t o find out which bandwidth gives the highest tes t
res ul t,  and to use this value for the final test with th e
com plete  sets of data. In our practical implementation w e
g enerate 11 independent datasets with the model, each with
a  length of two times the measured time series length. The
first  set is used to find the optimumbandwidth, the other te n
s ets  t o get an estimate of S  and to roughly estimate it s
s tandar d deviation (expected to be unity). Diks suggests to
rej ect  the null hypothesis with more than 95% confidenc e
f or S >3. Our estimate of S  is the average o f ten evaluations,
and we choose a threshold of .

5. Laser data results

We  applied the training algorithm to the benchmark lase r
data  (set A) from the Santa Fe time series competition [1].

T he first  3000 points were used for training, the next 3000
for  testing. We took an embedding of 40 and used PCA to

re duce  the 40 delays to 16 principa l
components.  First a linear model was fitted
to  make one-step-ahead predictions. The n
the  model was extended with an MLP ,
having  16 inputs (the 16 principa l
c omponents), two hidden layers with 32 and

2 4 sigmoidal nodes, and a sing le output (the
ti me  series value to be predicted). Fiv e
separate  training sessions were carried out ,
us ing  0%, 60%, 70%, 80% and 90% erro r
propagation  (the percentage corresponds to

� ·1 00). Each session lasted 4000 conjugate
gradi ent  iterations, and the Diks test wa s
eval uated  every 20 iterations. Figure 3
shows  the monitoring results. We draw thre e
conclusions from it:

   1. Whi le  the prediction error on th e
training  set (not shown )
monotonically  decreases durin g
training,  the Diks test shows ver y
irregular behavior.

   2. The  case of 90% error propagatio n
converges  best to a model that ha s

E xp er i ence  has shown that the Diks test result of eac h
tr a ining  session is sensitive for the initial weights of th e

M LP, the curves are not well reproducible. Trial  and error is
required.

F or further analyis we select the model trained with 90%

E P  af ter 980 iterations, having a Diks test value average d
o ver  1 0 0  iterations as low as -0.3. Figure 4 shows a time -
series  generated bythis model  along with measured data. Fo r
th e  first 3000 iterations, the model runs in 90% EP mod e
and  follows the measured time-series. Then the mode i s
s w itched  to freerun, or 100% EP, and the model generate s
a  time-series on its own. Visual inspection confirms th e
res ul ts  of the Diks test: at first sight, the measured an d
model  generated series `look the same´. Further inspectio n
r eveals  that the model generated data shows small negative
p eaks that are not in the measured dat a and also the positive
peaks  are lower. This observation includes  the first 300 0
po ints  of the generated series, and is therefore a direc t
consequence  of the one-step-ahead prediction error durin g
trainin g  in 90% EP mode. Not surprisingly, the root mea n
s quared error on the test set is more than 5 times high er than

M

i

�

i

Figure 4. Comparison of measured (top) and model generated time-series (bottom). T he laser data is

taken from the Santa Fe time-series competition [1]. T he netw ork is trained w ith 90% error propagation.

t hat of the model without error propagation (see diagon al of t rajectories of length 6,000. The three largest  exponents are,

Table  1); each prediction is based on information tha t a veraged over th e ten evaluations and expressed in nats per

cont ains  accumulated previous prediction errors. It is als o 40  samples: 0.57, -0.06 and -0.88. The largest exponent i s

int eresting  to see what happens if we take the networ k 20% higher than a rough estimate by Hübner et al. in [1].

t rained  with 0% EP (after 1920 iterations, where it has the

lowes t  Diks test result) and run  it in 90% EP mode. Tabl e

1  shows that the Normalized Root Mean Squared (one-step -

ahead  prediction-) Error (NRMSE) then rises to 1.05, whic h

is  wors e  than predicting the mean. In other words, the 0 %

EP  network cannot follow the time-series  if as much as 90 %

of its previous prediction errors is propagated.

Table 1. NRMSE of 0% and 90% EP

netw orks,  run in 0% and 90% EP mode.

                                                                                                       trained with:

        run with: 0% EP 90% EP

                                                0% EP 0.07 0.27

                                         90% EP 1.05 0.40

We  computed the Lyapunov spectrum of our model usin g s y stem  to be 2.6, using the Kaplan-Yorke conjecture [12] :

the  method by Von Bremen et al. [13], using series o f

ta ngent  maps along ten different model generate d

Figur e  5. Sum of first i  Lyapunov exponents vs. i .

T he  di mension D  is estimated by the Kaplan -

1

Yorke conjecture [12] as indicated.

T he second exponent must be zero according to Haken [14].

To  verify this, we estimate, from the ten evaluations, a

s tandard deviation of the second exponent of 0.04, w hich  is

of  the same order as its magnitude. From the Lyapuno v

s pect rum, we estimate the  information dimension  D  of the

1

take  th at (real) value of i  where the interpolated curv e

vs. i  crosses ze ro, see Fig 5. For comparison, Hübner

et.  al. reported an estimate of 2.06 for the correlatio n
dimens ion  D , which is a lower bound for the informatio n

                                                                         2
dimension D .

                                                                       1

Conclusion and discussion

The  algorithm presented in this study has successfull y
learned  the attractor of the system that produced the lase r
data  fromthe Santa Fe time series competition. Each featur e
o f the algorithm contri buted to the result: PCA reduced the
number  o f inputs by 40 to 16; the linear model explaine d

8 0% of the variance in the time-series before tr aining of the

MLP  started; the selected model was trained with 90% erro r
propa gation;  and the Diks test enabled selection of th e
optimum model.

                 The  modeling procedure requires much trial and error ,
due  to  the irregular behavior of the Diks test monitorin g
c urves that makes it hard to pred ict the effect of changes of
mod el  parameters (embedding dimension, number o f
principal  components, size of the network and percentage o f
err or  propagation). Error propagation provides th e
experimenter  with a knob to effectively control th e
p rediction hor izon during training. Unfortunately, we have
no recipe yet to choose a good starting value.

                 The  computation of the Lyapunovspectrumis onlya firs t
minor  application of the model. The model can play a n
essential  role in chaos control and synchronization, a s
demons trated  in the control of an experimental chaoti c
p endulum [15]. The selected model for the laser data ha s 56
s igmoidal nodes and over  1400 weights. In our experience,
this  kind of large size network helps training to quickl y
converge  to an acceptable local optimum. However, in the
context  of chaos control, the speed of computingprediction s
i s crucial, and the network should be as concise as  possible.

Ther efore,  a pruning technique to reduce the size of th e
m odel will be the next feature added to the a lgorithm. Also,
p runing will improve the general ization performance of the
model  [16] and may enhance learning of the syste m
attractor.

Acknowledgements

This  work is supported by the Netherlands Foundation for

Chemic al  Research (SON) with financial aid from th e

N e therlands Organization for Scientific Research (NWO).

Th e  authors like to thank Floris Takens for stimulatin g
d iscussions and the idea to use the Diks t est,  Cees Diks for
h is s upport with the implementation, and Chuck Anderson
for valuable comments.

References

[ 1] A.S. Weigend, and N.A. Gershenfeld, ^T ime Series P rediction:

Forecasting  the Future and Understanding the P ast~, Addison -

Wesley, 1994.

[ 2] J.C. Principe, A. R athie, and J.M. Kuo, ^P rediction of Chaotic

Time  Series with Neural Networks and the Issue of Dynami c

Modeling~,  Int. J. Bifurcation and Chaos , Vol. 2, 1992, pp. 989 -

996.

[ 3 ]  J. M. Kuo, and J.C. P rincipe, ^Reconstructed Dynamics an d

Ch aotic  Signal Modeling~, In Proc. IEEE Int´l Conf. Neura l

Networks , Vol. 5, 1994, pp. 3131-3136.

[4]  G. Deco, B. Schürmann, ^Neural Learning of Chaotic System

Behavior~,  IEICE Trans. Fundamentals , Vol. E77-A, 1994, pp .

1840-1845.

[ 5 ]  R.  Rico-Martínez, K. Krischer, I.G. Kevrekidis, M.C. Kube ,
a nd J.L. Hudson, ^Discrete- vs. Continuous-Time Nonlinear S ignal

P rocessing  Of Cu Electrodissolution Data~, Chem. Eng. Comm. ,

Vol. 118, 1992, pp. 25-48.

[6]  L.A. Aguirre, S.A. Billings, ^Validating Identified Nonlinea r

M o dels  with Chaotic Dynamics~,  Int. J. Bifurcation and Chaos ,

Vol. 4, 1994, pp. 109-125.

[7] F. Takens,  ^Detecting strange attractors in turbulence~, Lectur e
notes in Mathematics , Vol. 898, 1981, pp. 365-381.

[ 8] D.S. Bro omhead, G.P . King, ^Extracting qualitative dynamics
from experimental data~, Physica D , Vol. 20, 1986, pp. 217-236.

[ 9 ]  J. E. Jackson, ^A User´s Guide to P rincipal Components~ ,

Wiley, 1991.

[ 10] R. Bakker, R.J. de Korte, J.C. Schouten, F. Takens , and C.M.

van  den Bleek, ^Neural Networks for P rediction and Control o f

Ch aotic  Fluidized Bed Hydrodynamics: A First Step~, Fractals ,

Vol. 5, No. 3, 1997, pp. 523-530.

[ 1 1 ]  C. Diks, W.R. van Zwet, F. Takens, and J. de Goede ,

^De tecting  differences between delay vector distributions~ ,

Physical Review E , Vol. 53, 1996, pp. 2169-2176.

[ 1 2]  J. Kaplan, and J. Yorke, ^Chaotic Behavior o f

Multidimensional  Difference Equations~, Lecture notes i n
mathematics , Vol. 730, 1979.

[ 1 3 ]  H.F. von Bremen, F.E. Udwadia, W. P roskurowski, ^A n
ef ficient  QR Based Method for the Computation of Lyapuno v

Exponents~, Physica D , Vol. 101, 1997, pp. 1-16.

[ 14] H. Haken, ^At Least One  Lyapunov E xponent vanishes if the

T rajectory of an Attractor does not contai n a Fixed P oint~, Physics

Letters , Vol. 94A, 1983, p. 71.

[ 15] R. Bakker, J.C. Schouten, F. Takens, and C.M. van den Ble ek,

^N eural  network model to control an experimental chaoti c
pendulum~, Physical Review E , Vol. 4-A, 1996, pp. 3545-3552.

[ 16] T. Lin, C.L. Giles, B.G. Horne, S.Y. Kung,  ^A Delay Damage

Model  Selection Algorithm for NARX Neural Networks~, IEE E

T ra n s.  Signal Proc., Special issue on Neural Networks , Vol. 45 ,

No. 11, 1997, p. 2719.