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Abstract

The performancef neuralnetwork simulationsis oftenreportedin termsof the meanandstandardie-
viation of a numberof simulationsperformedwith differentstartingconditions. However, in mary cases,
the distribution of the individual resultsdoesnot approximatea Gaussiardistribution, may not be sym-
metric, and may be multimodal. We presentthe distribution of resultsfor practical problemsand shav
thatassumingGaussiardistributionscansignificantlyaffect theinterpretatiorof results especiallythoseof
comparisorstudies.For acontrolledtaskwhich we considerwe find thatthe distribution of performances
skaewed towardsbetterperformancdor smoothetarget functionsand skewed towardsworseperformance
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for more complex target functions. We proposenew guidelinesfor reportingperformancewvhich provide
moreinformationaboutthe actualdistribution.

1 Intr oduction

1.1 PerformanceMeasures

It is commonin neuralnetwork simulationgto reportresultsusingthe meanandstandardieviation of anumber
of trials with different starting conditions[11]. However, in mary casesthe distribution of the individual
resultsdoesnot approximatea Gaussiandistribution, may not be symmetric,and may be multimodal. For
non-Gaussiamlistributions, more informatve methodscan be usedto presentthe data(suchas plotting the
distribution or box-whislersplots (seesection2.2)).

In this paper we presenta numberof experimentswhich shawv thatthe distribution canbe non-Gaussiamnd
non-symmetric.Consequentlywe proposethat,in mary casesresultsshouldbetreatedin a differentmanner
to the commonpracticeof reportingonly the meanand standarddeviation from a numberof trials (a testfor
normality canbe usedto determinewvhenthe distribution differs significantlyfrom a Gaussiardistribution).

1.2 ConvergencePropertiesof Neural Network Training Algorithms

Theperformancef aneuralnetwork simulationis theresultof atrainingprocessndit is thereforeof interesto

considetthe propertiesof thetraining problem.Researchers computationalearningtheoryhave investigated
the compleity of neuralnetwork learning[9, 5, 15, 19]. Judd[16] shaved that even undervery restrictve

assumptionghe generalproblemof finding a setof weightsconsistentvith a setof examplesis NP-complete.
Blum andRivest[5] have proventhattrainingevenathreenodenetwork canbe NP-complete Theseresultsare
for thresholdnetworks. For sigmoid networks, Auer, Herbsterand Warmuth[1] have shavn thatthe number
of local minimamay grow exponentiallyin the numberof parametersilt is conjecturedhattraining may also
be NP-completefor sigmoid networks. Therefore,in generaltheremay be no algorithm capableof finding

the optimal setof parametersvhich hascomputationtime thatis boundedby a polynomialin d, the input

dimension.

A typical compromisds to useaniterative optimizationtechniqug9] suchasbackpropagationn mostcases,
suchtechniquesreonly guaranteedo find a local minimum of the costfunction. Backpropagatioranfail in
verysimplecaseg6, 17, 18], resultingin alocal minimumsignificantlyworsethantheglobalminimum. When
the problemandthe training algorithmmale it hardto find a globally optimal solution,it may be difficult to
predictthe expectedquality of the solutionsfound. In suchcasesthereis typically no reasorto expectthatthe
distribution of resultswill alwaysbe Gaussianandthereforethe actualdistribution is of interest.

A typical methodof assessinthe performancef a network is to run anumberof simulations gachbeginning
from a differentstartingpoint in weight spaceandreportthe meanand standarddeviation of the individual



results. This procedures mostsuitablewhenthe distribution of the resultsis Gaussian.For example,if a
particularnetwork and training algorithm hasa distribution of resultswhich is skewed or multimodal, this
will not be obsered usingthe meanandstandardieviation. In this case we proposethata bettermethodof
describingthe resultswill provide a moreaccurataunderstandingf the true natureof the performanceof the
network andthealgorithm.

The remainderof this paperis organizedasfollows: in section2, we examinealternatve approachesor de-
scribingadistribution. In section3, we presentanumberof experimentsvhich shav thepossiblenon-Gaussian
natureof thedistribution of resultsandindicatehow otherstatisticalmeasuremaybebetterthanthetraditional
meanandstandardleviation. Section4 presents possibleextensionto box-whislersplots. Section5 provides
conclusionsandrecommendationsoncerninghe presentatiorf resultsfrom multiple neuralnetwork trials.

2 Descriptive Statistics

In this sectionwe introducealternatvesto the meanand standarddeviation for describinga distribution, and
the Kolmogora-Smirnor testwhich we useto testa distribution for normality

2.1 Median and Inter quartile Range

The medianandthe interquartilerange(IQR) are simplestatisticswhich arenot assensitve to outliersasthe
commonlyusedmeanandstandardieviation [27]. The medianof a probability distribution, p(z), is thevalue
z, for which smallerandlargervaluesof z areequallyprobable:

[ bt do=; - / jpm) dz (1)

Whengiven a sampleof valuesfrom a distribution, the medianis estimatedasthe value z,,, which hasequal
numbersof valuesabove it andbelow it, i.e. the medianis the valuein the middle whenarrangingthe distri-
butionin orderfrom the smallestto the largestvalue. Whenthe numberof pointsis even, it is corventionalto
estimatehe medianasthe meanof thetwo centralvalues,.e. themedianis definedas[22]:

, N odd
g, =4 T/ @)
5 (#nj2 +3(vj2)+1), N even

wherethedatais in orderfrom thesmallestvalue,z1, to thelargestvalue,z y.

If thedatais split into two equalgroupsaboutthe medianthenthe IQR is the differencebetweenthe medians
of thesegroups.The IQR contains50% of the points. The lower point of the IQR, the median,andthe higher
point of the IQR arealsoknown asthefirst, secondandthird quartilesrespectiely (Q1, Q2,andQ3). When
comparingthe meanandthe median,both have advantagesanddisadwantages.The medianis often preferred
for distributionswith outliers,however the meantakesinto accounthe numericalvalueof every pointwhereas
the mediandoesnot. For example,if a studentwishesto averageexamresultsof (5, 90, 94, 92) thenthe mean
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would be moreappropriate However, for neuralnetwork resultdistributions, the distribution of the individual
performanceresultsis often of interest,ratherthan the meanperformancefrom a numberof trials. More
specifically the statisticof interestmay be the probability thata trial will meeta given performancecriterion.
The quartilescanprovide moreinformationaboutthe distribution of the resultsand,consequentlythe nature
of the optimizationprocess.

2.2 Box-WhiskersPlots

Box-whiskers plots [23] usethe medianandIQR asmeasure®f centraltendeng andspreadratherthanthe
meanandstandardieviation. Additionally, they alsoshav the maximumandminimum valuesof the distrilbu-
tion. ThelQR is shavn with a box andthe medianis representedvith a baracrosshe box. Whiskersextend
from theendsof thebox to the minimumandmaximumvalues.Outliersaresometimeplottedseparatelye.g.
pointsgreaterthan 1.5 IQR from the endsof the box may be consideredo be outliersandplotted separately
[23)).

2.3 Kolmogorov-Smirnov Test

TheKolmogora-Smirnor (K-S) testcanbe usedto testthe normality of a distribution. TheK-S D statisticis
[25, 12, 22]:

D= max |S(z)— N(z) (3)

—00<T<0
whereS(z) is an estimatorof the cumulative distribution function of the distribution to testand N(z) is the
cumulatve distribution function for (in this case)the normal distribution (erf(%)/Z + 0.5 for mean0O and
variancel). Thedistribution of the K-S D statisticcanbe approximatedor the null hypothesighatthe distri-
butionsarethe same.We canthereforedeterminghe significancdevel of a givenvalueof D (asadisproofof
thenull hypothesighatthe distributionsarethe same).Theformulais:

P = Pro(D > obsered) = Qxs ([\/JV 1012 + 0.11/\/N] D) @)
whereN is thenumberof datapointsand@ x s(z) is:
(o)
Qrs(z) =2 Z(_l)j—le—m‘%z (5)
j=1

P rangedrom 0to 1 andsmallvaluesof P indicatethatthedistributionsaresignificantlydifferent(in this case
smallvaluesof P indicatethatthe distribution representedby S(x) is not Gaussian) For the resultsreported
here,S(z) is createdrom thedistribution of resultsafternormalizationto zeromeanandunit variance.

2.4 Presentationof Results

In orderto obtain an indication of the differencesin presentingresultsusing box-whislers plots and mean
plus and minus one standarddeviation points,four sampledistributionswereusedasshavn in figure 1. The
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distributionsarea) a Gaussiardistribution, b) a Cauchydistribution [21], ¢) a Betadistribution [21], andd) a
distribution createdfrom the summationof two Gaussiardistributions. The equationdor thesedistributions
are(respectrely):

1 —z?
Y= E €xXp (T) (6)
0.2/m
v= 0.22 —/i—x2 (7)

(2405) " x (1-(2+05))", —25<z<25 -
y =
0, otherwise

0.3 9 0.7
= exp (—4.0(x — 2 +
V= p (—4.0(z — 2)?)

\/'2_7T exp (—4.0(z + 2)?) 9)

We generated 00pointscorrespondingo eachof thefour distributions. Tablel shawvs the statisticamentioned
earlier calculatedfrom thesesetsof 100 points, andfigure 2 shavs box-whislers plots alongwith the usual
meanplus and minus one standarddeviation plots. For distributions b), ¢), andd), it canbe obsered that
the box-whislers plots provide moreinformationaboutthe actualdistribution. For b), thebox reducesn size
relative to the whiskers,indicatingthatthe central50% of pointslie within a smallerregion. For ¢) andd) the
box movesin the directionthat the datais skewed andthe medianmaovestowardsthe bottomof the box (the
directionof skaw). It is not possibleto determinefrom the box-whislers plot thatd) is multimodal. Hence,
box-whislersplotsgenerallygive anindicationof significantdifferencesn skew andkurtosis.
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Figurel. Sampledistributions:a) Gaussianb) Cauchy c) Beta,andd) summatiorof two Gaussians.
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Figure2. Box-whiskersplotsalongwith the meanandplus/minusone standardieviation for the sampledistributionsin
figure 1. In eachcaseabox-whiskersplot is shavn asarectangulabox with vertical extensors.The box corresponds$o
the IQR, the barrepresentshe median,andthe whiskersextendto the minimum andmaximumvalues.Immediatelyon
theright of eachbox plot, the meanandplus/minusonestandardieviation is shavn asa verticalline.

Distribution | Mean| Median| Std.Dev.| IQR| Q1 | Q3 | Min [Max|K-SD| K-S P |
0.036] 0.067 | 1.03 |1.22|-0.54| 0.68]-2.87|2.70| 0.051| 0.95

-0.020 -0.014| 0.79 |0.34|-0.17| 0.17|-3.29|3.56| 0.27 | 8.5e-7
-1.58| -1.75 | 0.68 |0.91|-2.10|-1.19|-2.47|0.18| 0.64 |4.1e-37
-1.11| -1.96 | 1.76 |0.90(-2.22|-1.33|-2.75|3.23| 0.69 |9.2e-44

o O T

Tablel. Statisticsfor 100 pointsgeneratedrom the distributionsin figure 1. Q1 andQ3 arethefirst andthird quartiles
(IQR =Q3- Q1). TheK-S valuesindicatethatthereis a high lik elihoodthatthe pointscamefrom a Gaussiardistribution
only for (a).

3 Empirical ResultDistrib utions

We areprimarily interestedn the distribution of resultsfor practicalproblems,andthe resultingimplications
for how resultsarepresentedThereforewe presentheresultsof anumberof experimentausingproblemshat
have beencommonlyusedin the neuralnetwork literature. In eachcase we plot andanalyzethe distribution
of thenetwork errorfor thetrainingandtestdata.

3.1 Training Details

We usedstandardbackpropagationvith stochasticupdate(updateafter every training point). Exceptwhen
specified all networks are MLPs. All inputswerenormalizedto zeromeanandunit variance.The quadratic
costfunctionwasused[13]. Thelearningratewasreducedinearly to zeroover thetraining periodfrom an



initial valueof 0.11. Performancés reportedn termsof the percentag®f examplesincorrectlyclassified(for
the classificatiorproblem)or normalizedmeansquarecerror(NMSE) which is definedas[26]:

Definition 1
PO oy (drg — yrg)?
NP No NP No 2
(S 5 (5~ (S0 0 dos) 00 ) /00

whered is the desiredor tamget value, y is the predictedvalue, N, is the numberof patternsand N, is the
numberof outputs. O

NMSE =

(10)

3.2 PhonemeData

Theseexperimentsusea databasdrom the ESPRITROARS project. The aim of the taskis to distinguish
betweermasalandoral vowels [24]. Thereare3600training patterns,1800testpatternsfive inputsprovided
by cochlearspectraandtwo outputs. Using 10 hiddennodesand250,000iterationspertrial, the distribution
of resultsis shawvn in figure 3. It canbe obseredthatthe distributionsareskewedtowardsbetterperformance
and are a) not Gaussiamnand b) not symmetric. Statisticsof the distributions are shavn in table 2. From
the K-S statistics,we obsenre that the probability of the distributions being Gaussians very low (note that
the underlyingdistribution of performances discreteratherthan continuous- we arerelying on therebeing
sufiicient patternsin orderto approximatea continuousdistribution reasonablywell). Figure 4 shawvs box-
whiskers plots andthe usualmeanand standarddeviation plots for the training andtestdistributions. It can
be obsered that the medianis significantly differentto the mean. The fact that the distribution is skewed
towardsbetterperformancas not evidentfrom the meanandstandardieviation values.The extra information
containedn the actualdistribution andthe box-whislers plots canbe important,e.g. the distribution cangive
anindicationof how oftenatrial meetsagivenperformanceriterionandcanthereforebeusefulin determining
how mary trials arerequiredin a givensituation.

3.3 Mackey-GlassTime Series

The Mackey-Glassequationis a time delaydifferentialequationfirst proposedasa modelof white blood cell
production[20]:
dz az(t — )

F Rl T e ba(t) (11)

IWe have foundthis to resultin similar performanceo the “searchthencorverge” learningratescheduleproposedy Darkenand
Moody [8].
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Figure3. Thedistribution of classificatiorerror for the networks trainedon the phonemeproblem. The left handgraph
shaws the training distribution and the right handgraph shows the testdistribution. The abscissacorrespondgo the
percentagef exampledncorrectlyclassifiedandtheordinaterepresentthe percentagef individual resultsfalling within
eachsectionof the histogram. The distribution is createdrom 200 individual simulationswith randomstartingpoints.
It canbe obsenedthatthe distribution is skewed towardsbetterperformance Note that the scaleschangebetweenthe
graphs.

| Mean| Median| Std. Dev. | IQR| Q1 | Q3 | Min |Max|K-S D[K-S P|
Trainingerror| 17.7| 17.1 | 1.42 [1.53|16.9/18.4]|16.2] 21.8] 0.22 | 6.6e-5
Testerror | 19.2| 18.4 | 1.34 |1.45/18.3/19.8|17.2|22.2| 0.22 |9.6e-5

Table?2. Statisticsfor the distribution of resultsfor the phonemeask. Q1 and Q3 arethe first andthird quartiles(IQR =
Q3- Q1). Notethat,aswould be expectedfrom the distributions, the medianis lower thanthe meanandthe minimum
andmaximumvaluesarenot symmetricabouteitherthe meanor the median.The K-S P valuesarevery low, indicating
thatthereis a very low probabilitythatthe obsenedsamplesamefrom a Gaussiardistribution.
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Figure4. Box-whiskersplots for the phonemetask along with the meanand plus/minusone standarddeviation. The
box-whislersplotsgive anindicationthatthe actualdistributionsareskewedtowardsbetterperformance.

wherethe constant@recommonlychoserasa = 0.2, b = 0.1, andc = 10. Thedelayparameter determines
the behaiior of the system[10]. For = < 4.53 thereis a stablefixed point attractor For 4.53 < 7 < 13.3
thereis a stablelimit cycle attractor Perioddoublingbeginsat r = 13.3 andcontinuesuntil = = 16.8. For
T > 16.8 the systemproducesa chaoticattractor For the experimentseportedhere,r = 30, the serieshas
beensubsampledisingAT = 6, andthemodelsaretrainedto predictthe valueof the seriesonestepahead.

For the Mackey-Glassproblem theresultsof anumberof architecturesrecomparedMLP, FIR MLP, andlIR



MLP [3, 4]. TheFIR andlIR MLP networks aresimilarto the standardVILP excepteachsynapsas replaced
by FIR andlIR? filters respectiely. For the FIR MLP, the FIR filters wereorder5 (6 taps). For the IR MLP
thellR filters wereorder(5, 5). In both casesfilters wereonly usedin the first layer synapses- the second
layersynapsesontainedstandardveights. The MLP networksusedaninputwindow of 6. Eachnetwork had
5 hiddennodesandwastrainedfor 200,000updatesTherewerel,000training patternsandl1,000testpatterns.
TheFIR andlIR networksweretestedbothwith andwithout synapticgains[2]. It is interestingto obsere the
differencein the distribution of resultsin this case.Whenusingsynapticgainsan extra parameteis inserted
into eachsynapsevhich multipliestheweightedsumof theindividual filter outputs.Altering asynapticgainis
equvalentto alteringall of theweightscorrespondindo thefilter taps.Theadditionof synapticgainsdoesnot
affecttherepresentationgdower of the networks, however it doesaffectthe errorsurfaceandthe extra degrees
of freedommay malke optimizationeasiel2].

Figure5 shaws the distribution of the normalizedmeansquarecerror (NMSE) results.It canbe obseredthat
thedistribution variessignificantlyacrosghevariousmodels andthatthedistributionsareoftenhighly skewed
andseveralaremultimodal. Figure6 shavs box-whislersplotsandtheusualmeanandstandardieviation plots
for thesemodels.Table3 shavs thestatisticsplottedin figure6 alongwith theK-S valuesD andP, from which
it canbe obseredthatall of thedistributionshave very low probability of beingGaussiarexceptfor the MLP
case.

If normality of the resultsdistributionsis assumedandthe actualnatureof the distributionsis ignored, this
would leadto the following problems:

¢ Significantdifferencesn thedistributionsof theresultsfor differentalgorithmswould be masled.

e The FIR network with gainswould be consideredetterthanthe IIR network with gains(becausehe
meanerrorfor thesecasess similarandthestandardleviationis lower for the FIR gainscase) However,
in reality, the lIR gainscasemay be preferred- the medianerror for the IIR caseis almostan orderof
magnitudeower thanthatfor the FIR gainscase.Thus,in this case,if normality of the distribution of
resultsis assumedthenthe bestperformanceouldbe attributedto the wrong network.

¢ An obsenreroperatingundertheassumptiothattheresultsareapproximatelynormallydistributedwould
beundertheimpressiorthata percentagef networks obtainedperformancédetterthanthe meanminus
onestandarddeviation points. However, noneof the 100trials resultsin suchperformancdor the two
lIR testcases- the meanminusonestandardieviation is actuallylower thanthe bestindividual error

In generaljt canbe obseredthatthe box-whislersplotscanbe moreinformative thanthe meanplus standard
deviation plots,but arenot asinformative asthe actualdistributions.

2FIR: Finite ImpulseResponsd|R: Infinite ImpulseResponse.
31t is alsointerestingto notethe significantly differentdistributionsfor the FIR andIIR MLP networks with andwithout synaptic

gains(recallthatthe additionof synapticgainsdoesnot alterthe computationatapabilitiesof the network).
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Figure5. Thedistribution of the NMSE resultsfor the MLP, FIR MLP, andlIR MLP networks trainedon the Mackey-

Glassproblem(from 100simulationsin eachcase).Theleft handgraphsshow the distribution of trainingerrorsandthe
right handgraphsshaw thedistribution of testerrors. Theabsciss&orrespond$o themeansquarecerrorandthe ordinate
representshe percentagef individual resultsfalling within eachsectionof the histogram.Note that the scaleschange

from graphto graph.

3.4 Artificial Task

In orderto conducta controlledexperimentwherewe vary the compleity of thetarget function, we usedthe

following artificial task:

1. An MLP with 5inputnodesj hiddennodesand1l outputnodeis initialized with randomweights,uniformly
selectedwithin a specifiedrange,i.e., w; in therange— K to K, wherew; arethe weightsof the network
exceptthebiasesand K is a constant.The biasweightsareinitialized to smallrandomvaluesin therange
(—0.01,0.01). In generalasK is increasedthe “complexity” of the functionmappingis increasedaswill

beshavn later

2. ny- datapointsare createdby selectingrandominputswith zero meanand unit varianceand propagating
them throughthe network to find the correspondingputputs. This datasetS forms the training datafor

“Thetaskis similar to the procedurausedin [7].
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MLP andFIR no gainscasesrecompressedueto therelatively poorperformancef theothercasesThereforethe plot
hasbeenrepeatedn thelower two graphswith a differentscaleon the ordinate.
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Trainingnormalizedmeansquarecerror

Model Mean | Median | Std.Dev. IQR Q1 Q3 Min Max |K-SD| K-SP

MLP 0.00140| 0.00140| 6.41e-5| 9.90e-5 | 0.00135| 0.00145| 0.00123 | 0.00153| 0.066 | 0.76
FIR nogains| 0.00159( 0.00156| 0.000128 0.000118 0.00152| 0.00164| 0.00136 | 0.00229| 0.34 | 1.3e-10
FIRgains | 0.0733| 0.0669 | 0.0556 | 0.0962 | 0.0226 | 0.119 | 0.00188| 0.186 | 0.18 | 0.0035
IIR nogains| 0.146 | 0.145 | 0.0145 | 0.0182 | 0.138 | 0.157 0.117 0.174 0.5 ~
IIR gains | 0.0687|0.00822| 0.0900 | 0.137 |0.00197| 0.139 |0.000976| 0.499 | 0.28 | 2.5e-7

Testnormalizedmeansquarederror

Model Mean | Median | Std. Dev. IQR Q1 Q3 Min Max |K-SD | K-SP
MLP 0.00189| 0.00190| 7.55e-5 | 0.000103| 0.00184| 0.00194{ 0.00171| 0.00209| 0.052 | 0.95
FIR nogains| 0.00202| 0.00200| 0.000121] 6.10e-5 | 0.00197| 0.00203| 0.00180| 0.00268| 0.39 | 6.8e-14
FIR gains | 0.0726 | 0.0688 | 0.0533 | 0.0778 | 0.0245| 0.102 |0.00241| 0.170 | 0.17 | 0.0054
IIR nogains| 0.172 | 0.159 | 0.0536 | 0.0404 | 0.144 | 0.184 | 0.130 | 0.408 0.5 ~0
IIR gains | 0.0743|0.00820| 0.0980 | 0.142 |0.00232| 0.144 |0.00136| 0.514 | 0.28 | 2.2e-7

Table 3. Statisticsfor the distribution of resultsfor the variousmodelson the Mackey-Glassproblem. From the K-S
values,it canbe obsenedthatall of the distributionshave very low probability of being Gaussiarexceptfor the MLP
case.

subsequengimulations.The procedurds repeatedo createa testdatasetwith n;. points. ny, is 1,000and
nye 1S 5,000.

3. ThetrainingdatasetS is usedto train nev MLPs. Theinitial weightsof thesenew networks aresetusing
standargroceduresi.e. they arenotequalto theweightsin thenetwork usedto createhedataset) They are
initialized onanodeby nodebasisasuniformly distributedrandomnumbersn therange(—2.4/ F;, 2.4/ F;)
whereF; is thefan-inof neuroni [13]. Eachnetwork wastrainedfor 200,000updates.

Figure7 shawvs the procesgraphically

It is difficult to visualizethe function we are trying to approximate. A simple methodwhich gives us an
indicationis plottedin figure 8 andis createdasfollows:

for each output o
for each input %
set all inputs # 4 equal to 0
plot output o as input % is varied from -2 to 2
repeat 4 times
set all inputs # i to Gaussian random values (x = 0, 0% = 1)
plot output o as input 7 is varied from -2 to 2
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Figure7. The procesf creatingthe datasets.

Figure 9 shawvs histogramsof the distribution of resultsfor the following four cases: K = 1,5,10,15. It
canbeobseredthatthedistribution of performances skewedtowardsbetterperformancdor smoothettarget
functions(lower K) andskewedtowardsworseperformancdor morecomple targetfunctions(higherk), i.e.
ageneratrendcanbe obseredwhereahigherfrequeny of thetrials resultedn relatively worseperformance
as K wasincreased.Note thatthereis significantmultimodality for high K. Figure 10 shovs box-whislers
plots andthe usualmeanandstandardieviation plots for thesefour cases.Table4 shows the statisticsplotted
in figure 10 alongwith the K-S valuesD and P, from which it canbe obsered thatall of the distributions
have very low probability of beingGaussianNote thatthe meanminusonestandardieviationfor K = 1 and
K = 5 is actuallylowerthanthebestindividual error (from 100trials).

As with other descriptve statisticsbox-whislers plots can be lessinformative than the actualdistributions.
Comparingfigures9 and 10, it can be seenthat the histogramsof the actualdistributions areindeedmore
informatie thanthe box-whislersplots. However, aswith otherdescriptve statistics the box-whislers plots
presenasimplerview of thedatawhichis quicker to interpretandcompare Hence the box-whislersplotscan
beseenasbeingin betweerthe useof the meanandstandardieviation andthe useof the actualdistributions.
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Figure8. Plotsindicatingthe complexity of the mappingfor the MLP with differentvaluesof , the maximumvalue
of therandomweights. The plots were createdas per the pseudo-codeEachindividual plot shows the network output
versusoneof theinputs. Therows correspondo thefive inputsof the networks. Thefirst columncorrespondso the case
whereall otherinputsaresetto zero,andthe remainingcolumnscorrespondo the casesvherethe otherinputsaresetto

randomvalues.

4 ExtendedBox-Whiskers Plots

Box-whislkers plots provide a betterindication of the true distribution thanthe meanand standarddeviation.
They arelimited however. For example,the bimodal natureof the distribution in figure 1 andthe trimodal
natureof thedistributionsin figure 9 for cannotbeidentifiedfrom the box-whislersplots.

Box-whiskersplotsdivide thedatainto four sgmentswvherethedivision pointsarethe medianandthemedians
of thetwo segmentsabove andbelow the original median.Dividing the datainto alarger numberof sgments
is oneway of increasingthe expressie power of the plots. Figure 11 shavs the resultsfor the artificial task
usingdivisioninto eightsegmentsnsteadof divisioninto four (by dividing eachof thefour segmentsaboutthe
medianof the sggment).It canbe seenthattheresultingplot doesprovide moreinformation. For example,the
trimodal natureof the testNMSE distribution canbeidentified (from the variationin the sizeof the
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Figure9. Thedistribution of errorsfor the networks trainedon the artificial task (from 100 simulationsin eachcase).
Fromtop to bottom,the graphscorrespondo  valuesof 1, 5, 10, and15. Theleft handgraphsshaw the distribution

of training errorsandthe right handgraphsshaws the distribution of testerrors. The abscissaorresponds$o the mean
squareckerrorandthe ordinaterepresentshe percentagef individual resultsfalling within eachsectionof the histogram.
Notethatthe scaleschangerom graphto graph.

sggmentsandtheknowledgethatafixed percentagef thesampledie in eachsegment).However, thetrimodal
natureof the training NMSE distribution cannotbe detectedht this level of division.

5 Conclusions

Publicationscommonlyreportthe performanceof neuralnetworks usingthe meanand standarddeviation of
a numberof simulationswith different starting conditions. Other papersrecommendreporting confidence
intenals using Gaussiaror -distributions (for a numberof runslessthan 100) andtestingthe significance
of comparisonaisingthe -test[11]. However, theseassumesymmetricdistributions. The distribution of
resultsfor neuralnetwork simulationscanvary widely dependingnthe network architecturethedata,andthe
training algorithm. Comparisondasedon the meanandstandardieviation of simulationresultscantherefore
be misleadingif the obserer assumeshe distributions are Gaussian Alternatve meansof presentingesults
canbemoreinformative. For example,it is possibleto obtainanindicationof how oftena particularnetwork
andalgorithmwill produceanacceptableesult.In a practicalsituation,thedistribution of resultscanaffectthe
desirablenumberof trials, e.qg. if theresultsof multiple trials do not vary greatly thenit maybereasonabléo
useasmallernumberof trials.
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Figure10. Box-whislkersplotsfor theartificial taskalongwith the meanandplus/minusonestandardieviation.

The possiblenon-normalityof performancalistributionsaddsan elementof risk to the training process.The
expectedor averageperformancanay not be the mostimportantmeasureof successe.g. thelikelihoodthata
particulartrial meetsagivenperformanceriteriondepend®ntheactualdistribution of results.In somecasesit
maybedesirabldo tradeloweraverageperformancdor anincreasedertaintyof obtainingagivenperformance
level. Dependingon the distribution of results,a portfolio approact14] may be usedto reduce for example,
the expectedtime for training to reacha giventarget performancein a portfolio approachmultiple networks
aretrainedin parallelandthe fraction of time spenttrainingeachnetwork canbe adjustedn orderto optimize
agiventrainingcriterion,suchasthetime requiredfor 95% of trials to reacha giventargetperformance).

Our recommendationare:

1. Plotthedistribution of resultsfor visualinspection Distributionscanbesignificantlymultimodalandneither
the meanplus standardieviation nor box-whisler plotsshav the completepicture.

2. Usethemedian,interquartilerange minimumandmaximumvaluesaswell asthe meanandstandardievi-
ationfor interpretingresults.Whenplotting results,usebox-whislersplots[23].

3. In certaincasest may be possibleto approximatea normaldistribution by remaoving outliers. For the case
wherearelatively smallnumberof trials resultin comparatrely poorcornvergence the practiceof removing
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Trainingnormalizedmeansquarecerror

Mean | Median| Std.Dev. | IQR Q1 Q3 Min Max | K-S K-S

1 | 0.00209| 0.00119| 0.00220| 0.00148| 0.000887| 0.00237| 0.000471| 0.0139| 0.25 | 8.3e-6
0.00473| 0.00121| 0.00605 | 0.00812| 0.000751] 0.00887| 0.000527| 0.0396| 0.26 | 1.9e-6
10| 0.0255| 0.0321 | 0.01589| 0.0306 | 0.00783| 0.0384 | 0.00430 | 0.0530{ 0.17 | 0.0045
15| 0.0401| 0.0460| 0.0168 | 0.0324| 0.0217 | 0.0542| 0.0123 | 0.0639 0.19 | 0.0015

Testnormalizedmeansquarecerror

Mean | Median| Std.Dev. | IQR Q1 Q3 Min Max | K-S K-S

1 | 0.00209| 0.00115| 0.00226| 0.00151| 0.000843| 0.00235| 0.000453| 0.0139| 0.25 | 6.3e-6
0.00629| 0.00167| 0.00804| 0.0104 | 0.00118| 0.0115| 0.000766| 0.0522| 0.25 | 3.3e-6
10| 0.0447| 0.0497 | 0.0239 | 0.0442| 0.0190 | 0.0631| 0.01229|0.0882 0.17 | 0.0071
15| 0.0687| 0.0707 | 0.0224 | 0.0471| 0.0443 | 0.0914| 0.03038| 0.0997| 0.12 | 0.088

Table4. Statisticsfor the distribution of resultsfor the artificial task. Notethatas increasesthe mediangoesfrom
beingbelon themeanto beingaborve themean.
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Figure1l. Extendedox-whiskersplotsfor theartificial taskalongwith the meanandplus/minusonestandardieviation.
In comparisorwith figure 10, theseplots provide a betterindicationof the actualdistribution. For example,the trimodal
natureof the testNMSE plot canbe seerhere(from thevariationin the sizeof the sggmentsandthe knowledge
thatafixedpercentagef the sampledie in eachsggment).
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thosetrials from the statisticsandreportingthepercentagef “f ailed” trials maybereasonableNotethatwe
do notknow a priori whatthedistribution of resultswill befor a givenapplication.Therefore ary stratgy
for identifyingandremoving outliersshouldideally bechoserhasedn obserationof theactualdistribution
of results.

It maysometimedbedifficult to performenoughsimulationsn orderto accuratelycharacterizeéhe distribution
of performancewithin a reasonabld¢ime. Thereforeit may not alwaysbe possibleto follow the recommen-
dationsgivenin this paper In the caseof a limited numberof runs, the distribution and box-whislers plots
approximatehetruedistribution, andthe numberof runsshouldbe clearly statedn orderto aid interpretation
of theresults. For the caseof only five simulations box-whislers plotsreduceto shaving all of the five data
points. This canstill be helpful, e.g. oneor morerunsmay beidentifiableasoutliersevenwith suchfew data
pointsandeven one“failed” run cansignificantly alter the meanandstandarddeviation therebypresentinga
very differentpictureto a box-whislersplot.
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